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Abstract

In this article we investigate noncommutativity of D9-brane world-
volume embedded in space-time of type IIB superstring theory. On
the solution of boundary conditions, the initial coordinates become
noncommutative. We show that noncommutativity relations are con-
nected by N = 1 supersymmetry transformations and noncommuta-
tivity parameters are components of N = 1 supermultiplet. In ad-
dition, we show that background fields of the effective theory (initial
theory on the solution of boundary conditions) and noncommutativity
parameters represent the background fields of the T-dual theory.

1. Introduction

Dp-branes with odd value of p are stable in type IIB superstring theory.
As a particular choice, besides D9-brane, we can embed D5-brane in ten
dimensional space-time of the type IIB theory in pure spinor formulation
(up to the quadratic terms)[1, 2]. In the present paper we investigate
the noncommutativity of D9-brane using canonical approach. The case of
D5-brane has been considered in Ref.[3]. Also we investigate the super-
symmetry of noncommutativity relations [4].
We choose Neumann boundary conditions for all bosonic coordinates xµ.
The boundary condition for fermionic coordinates, (θα−θ̄α)|π0 = 0 produces
additional one for their canonically conjugated momenta, (πα − π̄α)|π0 = 0.
We treat boundary conditions as canonical constraints [5, 6, 7, 3]. Us-
ing their consistency conditions, we rewrite them in compact σ-dependent
form. We find that they are of the second class and on these solutions, we
obtain initial coordinates in terms of effective coordinates and momenta.
Presence of the momenta is source of noncommutativity. Noncommutativ-
ity relations are consistent with N = 1 supersymmetry transformations.
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We obtain that noncommutativity parameters contain only odd powers of
background fields antisymmetric under world-sheet parity transformation
Ω : σ → −σ and form one N = 1 supermultiplet. This result represents a
supersymmetric generalization of the result obtained by Seiberg and Wit-
ten [8]. We also show that effective background fields and noncommutative
parameters are the background fields of T-dual theory.

2. Type IIB superstring theory and canonical analysis

We will investigate pure spinor formulation [2, 9, 7, 3] of type IIB theory,
neglecting ghost terms and keeping quadratic ones

S = κ

∫

Σ
d2ξ∂+xµΠ+µν∂−xν (1)

+
∫

Σ
d2ξ

[
−πα∂−(θα + Ψα

µxµ) + ∂+(θ̄α + Ψ̄α
µxµ)π̄α +

1
2κ

παFαβπ̄β

]
,

where Π±µν = Bµν ± 1
2Gµν and ∂± = ∂τ ± ∂σ. All background fields are

constant. The space-time coordinates are labeled by xµ (µ = 0, 1, 2, . . . , 9)
and the fermionic ones by same chirality Majorana-Weyl spinors θα and
θ̄α. The variables πα and π̄α are canonically conjugated to the coordinates
θα and θ̄α, respectively.
Canonical Hamiltonian is of the form

Hc =
∫

dσHc , Hc = T− − T+ , T± = t± − τ± , (2)

where

t± = ∓ 1
4κ

GµνI±µI±ν , I±µ = πµ + 2κΠ±µνx
′ν + παΨα

µ − Ψ̄α
µπ̄α , (3)

τ+ = (θ′α + Ψα
µx′µ)πα− 1

4κ
παFαβπ̄β , τ− = (θ̄′α + Ψ̄α

µx′µ)π̄α+
1
4κ

παFαβπ̄β .

Varying Hamiltonian Hc, we obtain

δHc = δH(R)
c − [γ(0)

µ δxµ + παδθα + δθ̄απ̄α]|π0 , (4)

where δH
(R)
c is regular term without τ and σ derivatives of supercoordinates

and supermomenta variations and

γ(0)
µ = Π+µ

νI−ν + Π−µ
νI+ν + παΨα

µ + Ψ̄α
µπ̄α . (5)

As a time translation generator Hamiltonian has to be differentiable with
respect to coordinates and their canonically conjugated momenta which
produces [

γ(0)
µ δxµ + παδθα + δθ̄απ̄α

] ∣∣∣
π

0
= 0 . (6)
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Embedding D9-brane means that we impose Neumann boundary conditions
for xµ coordinates, γ

(0)
µ |π0 = 0. Fermionic boundary condition (θα−θ̄α)

∣∣∣
π

0
=0

preserves half of the initial N = 2 supersymmetry and it produces addi-
tional boundary condition for fermionic momenta (πα − π̄α) |π0 = 0.

Using standard Poisson algebra, the consistency procedure for γ
(0)
µ produces

an infinite set of constraints

γ(n)
µ ≡ {Hc, γ

(n−1)
µ } (n = 1, 2, 3, . . . ) , (7)

which can be rewritten at σ = 0 in the compact σ-dependent form

Γµ≡
∞∑

n=0

σn

n!
γ(n)

µ |0 =Π+µ
νI−ν(σ) + Π−µ

νI+ν(−σ) + πα(−σ)Ψα
µ + Ψ̄α

µπ̄α(σ).

(8)
Similarly, from conditions (θα − θ̄α)|0 = 0 and (πα − π̄α)|0 = 0, we get

Γα(σ) = Θα(σ)− Θ̄α(σ) , Γπ
α(σ) ≡ πα(−σ)− π̄α(σ) , (9)

where

Θα(σ) = θα(−σ)−Ψα
µ q̃µ(σ)− 1

2κ
Fαβ

∫ σ

0
dσ1Psπ̄β (10)

+
1
2κ

GµνΨα
µ

∫ σ

0
dσ1Ps(I+ν + I−ν),

Θ̄α(σ) = θ̄α(σ) + Ψ̄α
µ q̃µ(σ) +

1
2κ

F βα

∫ σ

0
dσ1Psπβ (11)

+
1
2κ

GµνΨ̄α
µ

∫ σ

0
dσ1Ps(I+ν + I−ν) .

We introduced new variables, symmetric and antisymmetric under world-
sheet parity transformation Ω : σ → −σ. For bosonic variables we use the
standard notation

qµ(σ) = Psx
µ(σ) , q̃µ(σ) = Pax

µ(σ) , pµ(σ) = Psπµ(σ) , p̃µ(σ) = Paπµ(σ) ,

while for fermionic ones we use the projectors on σ symmetric and anti-
symmetric parts

Ps =
1
2
(1 + Ω) , Pa =

1
2
(1− Ω) . (12)

From {Hc , ΓA} = Γ′A ≈ 0 , ΓA = (Γµ , Γα ,Γπ
α) , it follows that there are

no more constraints in the theory. For practical reasons we will find the



262 B. Nikolić, B. Sazdović

algebra of the constraints ?ΓA = (Γµ , Γ′α ,Γπ
α) instead of ΓA. It has the

form
{?ΓA , ?ΓB} = MABδ′ , (13)

where the supermatrix MAB is given by the expression

MAB =




−κGeff
µν −2(Ψeff )γ

µ 0
−2(Ψeff )α

ν
1
κFαγ

eff −2δα
δ

0 −2δβ
γ 0


 . (14)

Here we obtain effective background fields

Geff
µν = Gµν − 4BµρG

ρλBλν , (Ψeff )α
µ =

1
2
Ψα

+µ + BµρG
ρνΨα

−ν ,

Fαβ
eff = Fαβ

a −Ψα
−µGµνΨβ

−ν , (15)

where we introduced useful notation

Ψα
±µ = Ψα

µ ± Ψ̄α
µ , Fαβ

s =
1
2
(Fαβ + F βα) , Fαβ

a =
1
2
(Fαβ − F βα) . (16)

This is supersymmetric generalization of Seiberg and Witten open string
metric, Geff

µν , because all effective fields contain bilinear combinations of Ω
odd fields.
The superdeterminant sdet MAB is proportional to detGeff . Because we
assume that effective metric Geff is nonsingular, we conclude that all con-
straints ?ΓA are of the second class.

3. Solution of the constraints and noncommutativity

From Γµ = 0, Γα = 0 and Γπ
α = 0, we obtain

xµ(σ) = qµ − 2Θµν

∫ σ

0
dσ1pν + 2Θµα

∫ σ

0
dσ1pα , πµ = pµ , (17)

θα(σ) = Φα(σ) +
1
2
ξ̃α , πα = pα + p̃α , (18)

θ̄α(σ) = Φα(σ)− 1
2
ξ̃α , π̄α = pα − p̃α , (19)

where

Φα(σ) =
1
2

ξα −Θµα

∫ σ

0
dσ1pµ −Θαβ

∫ σ

0
dσ1pβ , ξ̃α ≡ Pa(θα − θ̄α) ,
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1
2

ξα ≡ Psθ
α = Psθ̄

α , pα ≡ Psπα = Psπ̄α , p̃α ≡ Paπα = −Paπ̄α ,

and

Θµν = −1
κ

(G−1
effBG−1)µν , Θµα = 2Θµν(Ψeff )α

ν −
1
2κ

Gµνψα
−ν , (20)

Θαβ =
1
2κ

Fαβ
s + 4(Ψeff )α

µΘµν(Ψeff )β
ν −

1
κ

Ψα
−µ(G−1BG−1)µνΨβ

−ν

+
Gµν

κ

[
Ψα
−µ(Ψeff )β

ν + Ψβ
−µ(Ψeff )α

ν

]
. (21)

Using the solutions of the constraints (17)-(19) and the basic Poisson alge-
bra, after removing the center of mass variables, we get the noncommuta-
tivity relations

{xµ(σ) , xν(σ̄)} = Θµν∆(σ + σ̄) , (22)

{xµ(σ) , θα(σ̄)} = −1
2
Θµα∆(σ + σ̄) , {θα(σ) , θ̄β(σ̄)} =

1
4
Θαβ∆(σ + σ̄) .

(23)
The function ∆(σ + σ̄) is nonzero only at string endpoints

∆(x) =




−1 if x = 0
0 if 0 < x < 2π ,

1 if x = 2π

(24)

and we conclude that interior of the string is commutative, while string
endpoints are noncommutative.

4. Supersymmetry of noncommutativity relations

The action of initial theory (1) is invariant under global N = 2 supersym-
metry with transformations of supercoordinates

δxµ = ε̄αΓµ
αβθβ + εαΓµ

αβ θ̄β , δθα = εα , δθ̄α = ε̄α , (25)

and background fields

δGµν = εα
+Γ[µ αβΨβ

+ν]−εα
−Γ[µ αβΨβ

−ν] , δBµν = εα
+Γ[µ αβΨβ

−ν]−εα
−Γ[µ αβΨβ

+ν] ,

δΨα
+µ = − 1

16
εβ
−Γµ βγF γα

s − 1
16

εβ
+Γµ βγF γα

a ,

δΨα
−µ =

1
16

εβ
+Γµ βγF γα

s +
1
16

εβ
−Γµ βγF γα

a , (26)
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δA(0) = 0 , δA(2)
µν = −εα

+Γ[µ αβΨβ
+ν] − εα

−Γ[µ αβΨβ
−ν] + A(0)δBµν ,

δA(4)
µνρσ = 2εα

+Γ[µνρ αβΨβ
−σ] + 2εα

−Γ[µνρ αβΨβ
+σ] + 6A

(2)
[µνδBρσ] .

Here we used notation

εα
± = εα ± ε̄α = const. , Γµ1µ2...µk

≡ Γ[µ1
Γµ2 . . .Γµk] , (27)

and [ ] in the subscripts of the fields mean antisymmetrization of space-time
indices between brackets. The connection between potentials A(0), A

(2)
µν and

A
(4)
µνρσ and RR field strength Fαβ is given in [7].

The truncation from N = 2 to N = 1 supersymmetry we can realize omit-
ting transformations for Gµν , Ψ+µ and Fa [10]. The rest fields make N = 1
supermultiplet with transformation rules

δBµν = εα
+Γ[µ αβΨβ

−ν] , δΨα
−µ =

1
16

εβ
+Γµ βγF γα

s , δFαβ
s = 0 . (28)

Now we can find the supersymmetric transformations of the coefficients,
Θµν , Θµα and Θαβ , multiplying the momenta in the solutions of boundary
conditions. From

δxµ(σ) =
1
2
εα
+Γµ

αβξβ − 2δΘµν

∫ σ

0
dσ1pν − 2Θµν

∫ σ

0
dσ1δpν , (29)

+ 2δΘµα

∫ σ

0
dσ1pα + 2Θµα

∫ σ

0
dσ1δpα = εα

+Γµ
αβθ(σ)β − 1

2
εα
+Γµ

αβ ξ̃(σ)β ,

δθα(σ) =
1
2
εα
+ − δΘµα

∫ σ

0
dσ1pµ

−Θµα

∫ σ

0
dσ1δpµ − δΘαβ

∫ σ

0
dσ1pβ −Θαβ

∫ σ

0
dσ1δpβ =

1
2
εα
+ , (30)

we obtain global N = 1 SUSY transformations of the background fields

δΘµν = εα
+Γ[µ

αβΘν]β , δΘµα = −1
2
εβ
+Γµ

βγΘγα , δΘαβ = 0 . (31)

Consequently, these fields are components of N = 1 supermultiplet.
Using N = 1 supersymmetry transformations of SUSY coordinates (25)
and background fields (31), we can easily prove that noncommutativity
relations are connected by supersymmetry transformations. The SUSY
transformation of (22)

εα
+Γ[µ

αβ

{
xν], θβ

}
= −1

2
εα
+Γ[µ

αβΘν]β∆(σ + σ̄) , (32)
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produces the first relation in (23). Similarly, SUSY transformation of the
first relation in (23)

εβ
+Γµ

βγ {θγ , θα} =
1
4
εβ
+Γµ

βγΘγα∆(σ + σ̄) , (33)

produces the second relation in (23).

5. Type IIB theory and T-duality

We suppose that action (1) has a global shift symmetry in all xµ directions.
So, we have to introduce gauge fields vµ

± and make a change

∂±xµ → D±xµ ≡ ∂±xµ + vµ
± . (34)

For the fields vµ
± we introduce additional term in the action

Sgauge(y, v±) =
1
2
κ

∫

Σ
d2ξyµ(∂+vµ

− − ∂−vµ
+) , (35)

which produces vanishing of the field strength ∂+vµ
−−∂−vµ

+ if we vary with
respect to the Lagrange multipliers yµ. The full action has the form

S?(x, y, v±) = S(D±x) + Sgauge(y, v±) . (36)

Let us note that on the equations of motion for yµ we have vµ
± = ∂±xµ and

the original dynamics survives unchanged.
Now we can fix xµ to zero and obtain the action quadratic in the fields vµ

±
which can be integrated out classically. On the equations of motion for vµ

±
we obtain expressions for these gauge fields in terms of yµ and momenta

vµ
+ = −2

(
2
κ

παΨα
ν + ∂+yν

)
(G−1

effΠ−G−1)νµ , (37)

vµ
− = 2(G−1

effΠ−G−1)µν

(
2
κ

Ψ̄α
ν π̄α + ∂−yν

)
. (38)

Substituting them in the action S? we obtain the dual action from which
we read the dual background fields

?Gµν = (G−1
eff )µν , ?Bµν = κΘµν = −(G−1

effBG−1)µν , (39)

?Ψµα =
[
2κΘµν − (G−1

eff )µν
]
Ψα

ν , ?Ψ̄µα =
[
2κΘµν + (G−1

eff )µν
]
Ψ̄α

ν ,

(40)
?Fαβ

s = 2κΘαβ , ?Fαβ
a = Fαβ

eff + 4(Ψeff )α
µ(G−1

eff )µν(Ψeff )α
ν . (41)

It is easy to see that
?Ψµα

+ = 2κΘµα , ?Ψµα
− = −2(G−1

eff )µν(Ψeff )α
µ . (42)
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6. Concluding remarks

In this paper we considered noncommutativity properties and related su-
persymmetry transformations of D9 brane in type IIB superstring theory.
We used the pure spinor formulation of the theory introduced in Refs.[2, 9].
We treated all boundary conditions at string endpoints as canonical con-
straints. Solving the second class constraints we obtain the initial coordi-
nates xµ, θα and θ̄α in terms of effective ones, qµ, ξα and ξ̃α and momenta
pµ and pα.

The presence of momenta is a source of noncommutativity (22)-(23). The
result of the present paper can be considered as a supersymmetric general-
ization of the result obtained for bosonic string [8]. Beside Bµν , its super-
partners Ψα−µ and Fαβ

s are also a source of noncommutativity. In special
case, when Ψα = Ψ̄α

µ, the noncommutativity relations (22)-(23) correspond
to the relations of Ref.[9].
The N = 2 supermultiplet of T-dual theory is split in two N = 1 su-
permultiplets: the first, Ω even one, (Geff

µν , (Ψeff )α
µ, Fαβ

eff ), represents the
background fields of the effective theory (initial theory on the solution of
the boundary conditions) [7], while the second, Ω odd one, (Θµν ,Θµα,Θαβ),
contains the noncommutativity parameters.
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