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Abstract

We construct two classes of infinitely many commuting operators as-
sociated with the elliptic quantum group Uq,p(ŝlN ). We call one of
them the integral of motion Gm, (m ∈ N) and the other the boundary
transfer matrix TB(z), (z ∈ C). The integral of motion Gm is related
to elliptic deformation of the N -th KdV theory. The boundary trans-
fer matrix TB(z) is related to the boundary Uq,p(ŝlN ) face model. We
diagonalize the boundary transfer matrix TB(z) by using the free field
realization of the elliptic quantum group, however diagonalization of
the integral of motion Gm is open problem even for the simplest case
Uq,p(ŝl2).

1. Introduction

The free field approach provides a powerful method to study exactly solv-
able model [1]. The basic idea in this approach is to realize the commuta-
tion relations for the symmetry algebra and the vertex operators in terms
of free fields acting on the Fock space. We introduce the elliptic quantum
group Uq,p(ŝlN ) [2, 3], and give its free field realization. Using the free
field realizations, we introduce two extended currents FN (z) [4] and U(z)
[5] associated with the elliptic quantum group Uq,p(ŝlN ). We construct two
classes of infinitely many commuting operators for the elliptic quantum
group Uq,p(ŝlN ). We call one of them the integral of motion Gm, (m ∈ N)
[4] and the other the boundary transfer matrix TB(z), (z ∈ C) [6]. Our
constructions are based on the free field realizations of the elliptic quantum
group Uq,p(ŝlN ), the extended currents and the vertex operator Φ(a,b)(z).

∗ This work is supported by the Grant-in Aid for Scientific Research C (21540228)
from Japan Society for Promotion of Science

† e-mail address: kojima@yz.yamagata-u.ac.jp

235



236 T. Kojima

Commutativity of the integral of motion is ensured by Feigin-Odesskii al-
gebra [7], and those of the boundary transfer matrix is ensured by Yang-
Baxter equation and boundary Yang-Baxter equation [8]. Two classes of
infinitely many commuting operators have physical meanings. The integral
of motion Gm is two parameter deformation of the monodromy of the N -th
KdV theory [9, 10]. The boundary transfer matrix TB(z) is related to the
boundary Uq,p(ŝlN ) face model that is lattice deformation of the conformal
field theory. We diagonalize the boundary transfer matrix TB(z) by using
the free field realization of the elliptic quantum group and the vertex oper-
ators. Diagonalization of the boundary transfer matrix allows us calculate
correlation functions of the boundary Uq,p(ŝlN ) face model [11, 12, 6].

The organization of this paper is as follows. In section 2 we introduce
the elliptic quantum group Uq,p(ŝlN ) [2, 3], and give its free field realiza-
tion. In section 3 we introduce two extended currents FN (z), EN (z) [4] and
U(z), V (z) [5, 13] associated with the elliptic quantum group Uq,p(ŝlN ).
We give the free field realization of the vertex operators Φ(a,b)(z), using the
extended current U(z). We construct two classes of infinitely many com-
muting operators associated with the elliptic quantum group Uq,p(ŝlN ). The
one is the integral of motion Gm [4] and the other is the boundary transfer
matrix TB(z) [6]. In section 4 we diagonalize the boundary transfer matrix
TB(z) by using the free field realization of the vertex operators [5, 13, 6].

2. Elliptic quantum group Uq,p(ŝlN)

In this section we introduce the elliptic quantum group Uq,p(ŝlN ) and its
free field realization.

2.1. Quantum group

In this section we recall Drinfeld realization of the quantum group [14].
We fix a complex number q such that 0 < |q| < 1. Let us fix the integer
N = 3, 4, 5, · · · . We use q-integer [n]q = qa−q−a

q−q−1 . We use the abbreviation,

(z; p1, p2, · · · , pM )∞ =
∞∏

k1,k2,··· ,kM=0

(1− pk1
1 pk2

2 · · · pkM
M z).

The quantum group Uq(ŝlN ) is generated by hj , aj,m, xj,n, (1 5 j 5 N − 1 :
m ∈ Z6=0, n ∈ Z), c, d. Let us set the generating functions x±j (z), ψj(z), ϕj(z),
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(1 5 j 5 N − 1) by

x±j (z) =
∑

n∈Z
x±j,nz−n,

ψj(q
c
2 z) = qhj exp

(
(q − q−1)

∑

m>0

aj,mz−m

)
,

ϕj(q−
c
2 z) = q−hj exp

(
−(q − q−1)

∑

m>0

aj,−mzm

)
.

The defining relations are given by

[d, x±j,n] = nx±j,n, [hj , d] = [hj , ak,m] = [d, ak,m] = 0, c : central,

[aj,m, ak,n] =
[Aj,km]q[cm]q

m
q−c|m|δm+n,0, [hj , x

±
k (z)] = ±Aj,kx

±
k (z),

[aj,m, x+
k (z)]=

[Aj,km]q
m

q−c|m|zmx+
k (z), [aj,m, x−k (z)]=− [Aj,km]q

m
zmx−k (z),

(z1 − q±Aj,kz2)x±j (z1)x±k (z2) = (q±Aj,kz1 − z2)x±k (z2)x±j (z1),

[x+
j (z1), x−k (z2)] =

δj,k

q − q−1
(δ(q−cz1/z2)ψj(q

c
2 z2)− δ(qcz1/z2)ϕj(q−

c
2 z2)),

and Serre relation for |j − k| = 1,

(x±j (z1)x±j (z2)x±k (z)− [2]qx±j (z1)x±k (z)x±j (z2) + x±k (z)x±j (z1)x±j (z2))

+(x±j (z2)x±j (z1)x±k (z)− [2]qx±j (z2)x±k (z)x±j (z1) + x±k (z)x±j (z2)x±j (z1)) = 0.

Here (Aj,k)15j,k5N−1 is Cartan matrix of slN type. Here we used the delta
function δ(z) =

∑
m∈Z zm.

2.2. Elliptic quantum group

In this section we introduce the elliptic quantum group Uq,p(ŝlN ) [2, 3],
which is elliptic deformation of the quantum group Uq(ŝlN ). We fix com-
plex numbers r, s such that Re(r) > 1 and Re(s) > 0. When we change
the polynomial (z1 − q−2z2) in the defining relation of the quantum group
Uq(ŝlN ),

(z1 − q−2z2)x−j (z1)x−j (z2) = (q−2z1 − z2)x−j (z2)x−j (z1),

to the elliptic theta function [u], we have

[u1 − u2 + 1]Fj(z1)Fj(z2) = [u1 − u2 − 1]Fj(z2)Fj(z1).
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This is one of the defining relations of the elliptic quantum group Uq.p(ŝlN ).
We set the elliptic theta function [u], [u]∗ by

[u] = q
u2

r
−uΘq2r(q2u), [u]∗ = q

u2

r∗ −uΘq2r∗ (q2u),

Θp(z) = (p; p)∞(z; p)∞(pz−1; p)∞,

where we set z = x2u and r∗ = r− c. The elliptic quantum group Uq,p(ŝlN )
is generated by the currents Ej(z), Fj(z), H+

j (q
c
2
−rz) = H−

j (q−
c
2
+rz), (1 5

j 5 N − 1). The defining relations are given by

Ej(z1)Ej+1(z2) =

[
u2 − u1 + s

N

]∗
[
u1 − u2 + 1− s

N

]∗Ej+1(z2)Ej(z1), (1)

Ej(z1)Ej(z2) =
[u1 − u2 + 1]∗

[u1 − u2 − 1]∗
Ej(z2)Ej(z1), (2)

Ej(z1)Ek(z2) = Ek(z2)Ej(z1), otherwise, (3)

Fj(z1)Fj+1(z2) =

[
u2 − u1 + s

N − 1
]

[
u1 − u2 − s

N

] Fj+1(z2)Fj(z1), (4)

Fj(z1)Fj(z2) =
[u1 − u2 − 1]
[u1 − u2 + 1]

Fj(z2)Fj(z1), (5)

Fj(z1)Fk(z2) = Fk(z2)Fj(z1), otherwise, (6)

H+
j (z1)H+

j (z2) =
[u1 − u2 − 1][u1 − u2 + 1]∗

[u1 − u2 + 1][u1 − u2 − 1]∗
H+

j (z2)H+
j (z1), (7)

H+
j (z1)H+

j+1(z2) =
[u1 − u2 + 1− s

N ][u1 − u2 − s
N ]∗

[u1 − u2 − s
N ][u1 − u2 + 1− s

N ]∗
H+

j+1(z2)H+
j (z1),(8)

H+
j (z1)H+

k (z2) = H+
k (z2)H+

j (z1), otherwise, (9)

H+
j (z1)Ej(z2) =

[u1 − u2 + 1 + c
4 ]∗

[u1 − u2 − 1− c
4 ]∗

Ej(z2)H+
j (z1), (10)

H+
j (z1)Ej+1(z2) =

[u2 − u1 + s
N + c

4 ]∗

[u1 − u2 + 1− s
N − c

4 ]∗
Ej+1(z2)H+

j (z1), (11)

H+
j+1(z1)Ej(z2) =

[u2 − u1 + 1− s
N + c

4 ]∗

[u1 − u2 − s
N − c

4 ]∗
Ej(z2)H+

j+1(z1), (12)

H+
j (z1)Ek(z2) = Ek(z2)H+

j (z1), otherwise, (13)
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H+
j (z1)Fj(z2) =

[u1 − u2 − 1− c
4 ]

[u1 − u2 + 1 + c
4 ]

Fj(z2)H+
j (z1), (14)

H+
j (z1)Fj+1(z2) =

[u2 − u1 + s
N − 1− c

4 ]
[u1 − u2 − s

N + c
4 ]

Fj+1(z2)H+
j (z1), (15)

H+
j+1(z1)Fj(z2) =

[u2 − u1 − s
N − c

4 ]
[u1 − u2 + s

N − 1 + c
4 ]

Fj(z2)H+
j+1(z1), (16)

H+
j (z1)Fk(z2) = Fk(z2)H+

j (z1), otherwise, (17)

[Ei(z1), Fj(z2)] =
δi,j

q − q−1

(
δ(q−cz1/z2)H+

j

(
q

c
2 z2

)
(18)

− δ(qcz1/z2)H−
j

(
q−

c
2 z2

))
,

and the Serre relations for |j − k| = 1,

{
(z2/z)

1
r∗

(q2r∗−1z/z1; q2r∗)∞(q2r∗−1z/z2; q2r∗)∞
(q2r∗+1z/z1; q2r∗)∞(q2r∗+1z/z2; q2r∗)∞

Ej(q1− 2s
N z1)Ej(q1− 2s

N z2)

×Ek(q1− 2s
N z)− [2]q

(q2r∗−1z/z1; q2r∗)∞(q2r∗−1z2/z; q2r∗)∞
(q2r∗+1z/z1; q2r∗)∞(q2r∗+1z2/z; q2r∗)∞

Ej(q1− 2s
N z1)

×Ek(q1− 2s
N z)Ej(q1− 2s

N z2)+(z/z1)
1

r∗
(q2r∗−1z1/z; q2r∗)∞(q2r∗−1z2/z; q2r∗)∞
(q2r∗+1z1/z; q2r∗)∞(q2r∗+1z2/z; q2r∗)∞

× Ek(q1− 2s
N z)Ej(q1− 2s

N z1)Ej(q1− 2s
N z2)

}
z
− 1

r∗
1

(q2r∗+2z2/z1; q2r∗)∞
(q2r∗−2z2/z1; q2r∗)∞

+ (z1 ↔ z2) = 0, (19){
(z2/z)−

1
r
(q2r+1z/z1; q2r)∞(q2r+1z/z2; q2r)∞
(q2r−1z/z1; q2r)∞(q2r−1z/z2; q2r)∞

Fj(q1− 2s
N z1)Fj(q1− 2s

N z2)

×Fk(q1− 2s
N z)− [2]q

(q2r+1z/z1; q2r)∞(q2r+1z2/z; q2r)∞
(q2r−1z/z1; q2r)∞(q2r−1z2/z; q2r)∞

Fj(q1− 2s
N z1)

×Fk(q1− 2s
N z)Fj(q1− 2s

N z2) + (z/z1)−
1
r
(q2r+1z1/z; q2r)∞(q2r+1z2/z; q2r)∞
(q2r−1z1/z; q2r)∞(q2r−1z2/z; q2r)∞

×Fk(q1− 2s
N z) Fj(q1− 2s

N z1)Fj(q1− 2s
N z2)

}
z

1
r
1

(q2r−2z2/z1; q2r)∞
(q2r+2z2/z1; q2r)∞

+ (z1 ↔ z2) = 0. (20)



240 T. Kojima

2.3. Free field realization

In this section we give the free field realization of the elliptic quantum group
Uq.p(ŝlN ) [2, 3, 5]. In what follows we restrict our interest to level c = 1.
Let us introduce the bosons βj

m, (1 5 j 5 N ; m ∈ Z) by

[βj
m, βk

n] =





m
[(r − 1)m]q

[rm]q
[(s− 1)m]q

[sm]q
δm+n,0 (1 5 j = k 5 N)

−mqsm sgn(j−k) [(r − 1)m]q
[rm]q

[m]q
[sm]q

δm+n,0 (1 5 j 6= k 5 N).

(21)

We set the bosons Bj
m, (1 5 j 5 N ; m ∈ Z6=0) by

Bj
m = (βj

m − βj+1
m )q−jm, (1 5 j 5 N − 1). (22)

They satisfy

[Bj
m, Bk

n] = m
[(r − 1)m]q

[rm]q

[Aj,km]q
[m]q

δm+n,0, (1 5 j, k 5 N − 1), (23)

where (Aj,k)15j,k5N−1 is Cartan matrix of slN type. Let εµ(1 5 µ 5 N) be
the orthonormal basis of RN with the inner product (εµ|εν) = δµ,ν . Let us
set ε̄µ = εµ − ε where ε = 1

N

∑N
ν=1 εν . Let αµ (1 5 µ 5 N − 1) the simple

root : αµ = ε̄µ − ε̄µ+1. The type slN weight lattice is the linear span of ε̄µ,
P =

∑N−1
µ=1 Zε̄µ. Let us set Pα, Qα (α ∈ P ) by

[iPα, Qβ] = (α|β), (α, β ∈ P ). (24)

In what follows we deal with the bosonic Fock space Fl,k, generated by
βj
−m(m > 0) over the vacuum vector |l, k〉, where l, k ∈ P .

Fl,k = C[{βj
−1, β

j
−2, · · · }15j5N ]|l, k〉, |l, k〉 = e

i
√

r
r−1

Ql−i
√

r−1
r

Qk |0, 0〉,

where

βj
m|l, k〉 = 0, (m > 0), Pα|l, k〉 =

(
α

∣∣∣∣∣
√

r

r − 1
l −

√
r − 1

r
k

)
|l, k〉.
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Free field realizations of Ej(z), Fj(z),H±
j (z) (1 5 j 5 N − 1) are given by

Ej(z) = e−i
√

r
r−1

Qαj (q( 2s
N
−1)jz)−

√
r

r−1
Pαj + r

r−1

× : exp


−

∑

m6=0

1
m

[rm]q
[(r − 1)m]q

Bj
m(q( 2s

N
−1)jz)−m


 :, (25)

Fj(z) = e
i
√

r−1
r

Qαj (q( 2s
N
−1)jz)

√
r−1

r
Pαj + r−1

r

× : exp


∑

m6=0

1
m

Bj
m(q( 2s

N
−1)jz)−m


 :, (26)

H+
j (q

1
2
−rz) = q(1− 2s

N
)2je

− i√
r(r−1)

Qαj (q( 2s
N
−1)jz)

− 1√
r(r−1)

Pαj + 1
r(r−1)

× : exp


−

∑

m6=0

1
m

[m]q
[(r − 1)m]q

Bj
m(q( 2s

N
−1)jz)−m


 : . (27)

The free field realization for general level c [17] is completely different from
those for level c = 1.

3. Commuting operators

In this section we construct two classes of infinitely many commuting op-
erators Gm [4] and TB(z) [6].

3.1. Extended currents EN (z), FN (z)
In this section we introduce the extended currents EN (z), FN (z) [4]. Let us
set the extended current EN (z), FN (z) by the similar commutation relations
as the elliptic quantum group. The extended currents EN (z), FN (z) satisfy
the following commutation relations.

Ej(z1)Ej+1(z2) =

[
u2 − u1 + s

N

]∗
[
u1 − u2 + 1− s

N

]∗Ej+1(z2)Ej(z1), (j ∈ Z/NZ),

Ej(z1)Ej(z2) =
[u1 − u2 + 1]∗

[u1 − u2 − 1]∗
Ej(z2)Ej(z1), (j ∈ Z/NZ),

Fj(z1)Fj+1(z2) =

[
u2 − u1 + s

N − 1
]

[
u1 − u2 − s

N

] Fj+1(z2)Fj(z1), (j ∈ Z/NZ),

Fj(z1)Fj(z2) =
[u1 − u2 − 1]
[u1 − u2 + 1]

Fj(z2)Fj(z1), (j ∈ Z/NZ),

[Ej(z1), Fk(z2)] =
δj,k

q − q−1

(
δ(q−1z1/z2)H+

j

(
q

1
2 z2

)
− δ(qz1/z2)H−

j

(
q−

1
2 z2

))
,

(j, k ∈ Z/NZ),
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and other defining relations of the elliptic quantum group, in which the
suffix j, k should be understood as mod. N . Free field realizations of the
extended currents EN (z), FN (z) and H+

N (q
1
2
−rz) = H−

N (q
1
2
−rz) are given

by

EN (z) = e−i
√

r
r−1

QαN (q2s−Nz)−
√

r
r−1

Pε̄N
+ r

2(r−1) z
√

r
r−1

Pε̄1+ r
2(r−1)

× : exp


−

∑

m6=0

1
m

[rm]q
[(r − 1)m]q

BN
m(q2s−Nz)−m


 :, (28)

FN (z) = e
i
√

r−1
r

QαN (q2s−Nz)
√

r−1
r

Pε̄N
+ r−1

2r z
−

√
r−1

r
Pε̄1+ r−1

2r

× : exp


−

∑

m6=0

1
m

BN
m(q2s−Nz)−m


 :, (29)

H+
N (q

1
2
−rz) = q2(N−2s)e

− i√
rr∗QαN (q2s−Nz)−

1√
rr∗ Pε̄N

+ 1
2rr∗ z

1√
rr∗ Pε̄1+ 1

2rr∗

× : exp


−

∑

m6=0

1
m

[m]q
[(r − 1)m]q

BN
m(q2s−Nz)−m


 : . (30)

3.2. Extended currents V (z), U(z)
In this section we introduce the extended currents V (z), U(z) [5, 13]. In
this section we consider the case s = N . For our purpose it is convenient
to introduce

Ej(z) = Ej(q−jz), F j(z) = Fj(q−jz), (1 5 j 5 N − 1).

The extended currents U(z), V (z) are given by the following commutation
relations.[

u1 − u2 +
1
2

]∗
V (z1)E1(z2) =

[
u2 − u1 +

1
2

]∗
E1(z2)V (z1), (31)

Ej(z1)V (z2) = V (z2)Ej(z1) (2 5 j 5 N), (32)[
u1 − u2 − 1

2

]
U(z1)F 1(z2) =

[
u2 − u1 − 1

2

]
F 1(z2)U(z1), (33)

F j(z1)U(z2) = U(z2)F j(z1) (2 5 j 5 N). (34)

U(z1)U(z2) = (z1/z2)
r−1

r
N−1

N
ρ(z2/z1)
ρ(z1/z2)

U(z2)U(z1), (35)

V (z1)V (z2) = (z1/z2)
− r

r−1
N−1

N
ρ∗(z2/z1)
ρ∗(z1/z2)

V (z2)V (z1), (36)

U(z1)V (z2) = z−
N−1

N
Θq2N (−qz)

Θq2N (−qz−1)
V (z2)U(z1), (37)
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where we set

ρ(z) =
(q2z; q2r, q2N )∞(q2N+2r−2z; q2r, q2N )∞

(q2rz; q2r, q2N )∞(q2Nz; q2r, q2N )∞
, (38)

ρ∗(z) =
(z; q2r∗ , q2N )∞(q2N+2r−2z; q2r∗ , q2N )∞
(q2rz; q2r∗ , q2N )∞(q2N−2z; q2r∗ , q2N )∞

. (39)

The free field realizations of U(z), V (z) are given by

U(z) = z
r−1
2r

N−1
N e

−i
√

r−1
r

Qε̄1z
−

√
r−1

r
Pε̄1 : exp


−

∑

m6=0

1
m

β1
mz−m


 :, (40)

V (z) = z
r

2(r−1)
N−1

N ei
√

r
r−1

Qε̄1z
√

r
r−1

Pε̄1

× : exp


∑

m6=0

1
m

[rm]q
[(r − 1)m]q

β1
m(−z)−m


 : . (41)

3.3. Integral of motion
In this section we give a class of infinitely many commuting operators Gm,
(m ∈ N) that we call the integral of motion [4]. In this section we consider
the case 0 < Re(s) < N . Let us set the integral of motion Gm, (m ∈ N) by
integral of the currents.

Gm =
∫
· · ·

∫ N∏

t=1

m∏

j=1

dz
(t)
j

z
(t)
j

F1(z
(1)
1 )F1(z

(1)
2 ) · · ·F1(z(1)

m )

× F2(z
(2)
1 )F2(z

(2)
2 ) · · ·F2(z(2)

m ) · · ·FN (z(N)
1 )FN (z(N)

2 ) · · ·FN (z(N)
m )

×

N∏

t=1

∏

15j<k5m

[
u

(t)
j − u

(t)
k

] [
u

(t)
k − u

(t)
j − 1

]

N−1∏

t=1

m∏

j,k=1

[
u

(t)
j − u

(t+1)
k + 1− s

N

] m∏

j,k=1

[
u

(1)
j − u

(N)
k +

s

N

]

×
N∏

t=1




m∑

j=1

(u(t)
j − u

(t+1)
j )−

√
rr∗Pε̄t+1


 . (42)

Here we set z
(t)
j = q2u

(t)
j . Here the integral contour encircles z

(t)
j = 0,

(1 5 t 5 N ; 1 5 j 5 m) in such a way that

|q 2s
N

+2lrz
(t+1)
k | < |z(t)

j | < |q−2+ 2s
N
−2lrz

(t+1)
k |, (1 5 t 5 N − 1),

|q2− 2s
N

+2lrz
(1)
k | < |z(N)

j | < |q− 2s
N
−2lrz

(1)
k |,
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for 1 5 j, k 5 m and l ∈ N. Let us set the integral of motion G∗m, (m ∈ N)
as similar way.

G∗m =
∫
· · ·

∫ N∏

t=1

m∏

j=1

dz
(t)
j

z
(t)
j

E1(z
(1)
1 )E1(z

(1)
2 ) · · ·E1(z(1)

m )

× E2(z
(2)
1 )E2(z

(2)
2 ) · · ·E2(z(2)

m ) · · ·EN (z(N)
1 )EN (z(N)

2 ) · · ·EN (z(N)
m )

×

N∏

t=1

∏

15j<k5m

[
u

(t)
j − u

(t)
k

]∗ [
u

(t)
k − u

(t)
j + 1

]∗

N−1∏

t=1

m∏

j,k=1

[
u

(t)
j − u

(t+1)
k − s

N

]∗ m∏

j,k=1

[
u

(1)
j − u

(N)
k − 1 +

s

N

]∗

×
N∏

t=1




m∑

j=1

(u(t)
j − u

(t+1)
j )−

√
rr∗Pε̄t+1



∗

. (43)

Here the integral contour encircles z
(t)
j = 0, (1 5 t 5 N ; 1 5 j 5 m) in such

a way that

|q−2+ 2s
N

+2lr∗z
(t+1)
k | < |z(t)

j | < |q 2s
N
−2lr∗z

(t+1)
k |, (1 5 t 5 N − 1),

|q− 2s
N

+2lr∗z
(1)
k | < |z(N)

j | < |q2− 2s
N
−2lr∗z

(1)
k |,

for 1 5 j, k 5 m and l ∈ N.

The integral of motion Gm and G∗m commute with each other.

[Gm,Gn] = 0, [G∗m,G∗n] = 0, [Gm,G∗n] = 0, (m,n ∈ N). (44)

These commutation relations are shown by considering the Feigin-Odesskii
algebra [7]. When we take the limit r → ∞, our integral of motion Gm
becomes those of conformal field theory [9, 10]. In the limit r → ∞, the
theta functions in integrand disappear, hence we know that elliptic defor-
mation is nontrivial. The integral of motion of Uq,p(ŝl2) in general level c
is constructed in [18].

3.4. Vertex operator

In this section we introduce the vertex operator Φ(a,b)(z) that plays an
essential role in construction of the boundary transfer matrix TB(z). In
this section we consider the case r = N + 2, (r ∈ N) and s = N . Let’s
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recall slN weight lattice P =
∑N−1

µ=1 Zε̄µ introduced in previous section.
Let ωµ (1 5 µ 5 N − 1) be the fundamental weights, which satisfy

(αµ|ων) = δµ,ν , (1 5 µ, ν 5 N − 1).

Explicitly we set ωµ =
∑µ

ν=1 ε̄ν . For a ∈ P we set aµ and aµ,ν by

aµ,ν = aµ − aν , aµ = (a + ρ|ε̄µ), (µ, ν ∈ P ).

Here we set ρ =
∑N−1

µ=1 ωµ. Let us set the restricted path P+
r−N by

P+
r−N = {a =

N−1∑

µ=1

cµωµ ∈ P |cµ ∈ Z, cµ = 0,

N−1∑

µ=1

cµ 5 r −N}.

For a ∈ P+
r−N , condition 0 < aµ,ν < r, (1 5 µ < ν 5 N−1) holds. We recall

elliptic solutions of the Yang-Baxter equation of face type. An ordered pair
(b, a) ∈ P 2 is called admissible if and only if there exists µ (1 ≤ µ ≤ N)
such that b − a = ε̄µ. An ordered set of four weights (a, b, c, d) ∈ P 4 is
called an admissible configuration around a face if and only if the ordered
pairs (b, a), (c, b), (d, a) and (c, d) are admissible. Let us set the Boltzmann

weight functions W

(
c d
b a

∣∣∣∣u

)
associated with admissible configuration

(a, b, c, d) ∈ P 4 [19]. For a ∈ P+
r−N and µ 6= ν, we set

W

(
a + 2ε̄µ a + ε̄µ

a + ε̄µ a

∣∣∣∣ u

)
= R(u), (45)

W

(
a + ε̄µ + ε̄ν a + ε̄µ

a + ε̄ν a

∣∣∣∣u

)
= R(u)

[u][aµ,ν − 1]
[u− 1][aµ,ν ]

, (46)

W

(
a + ε̄µ + ε̄ν a + ε̄ν

a + ε̄ν a

∣∣∣∣u

)
= R(u)

[u− aµ,ν ][1]
[u− 1][aµ,ν ]

. (47)

The normalizing function R(u) is given by

R(u) = z
r−1

r
N−1

N
ϕ(z−1)
ϕ(z)

, ϕ(z) =
(q2z; q2r, q2N )∞(q2r+2N−2z; q2r, q2N )∞

(q2rz; q2r, q2N )∞(q2Nz; q2r, q2N )∞
.

(48)

Because 0 < aµ,ν < r (1 5 µ < ν 5 N − 1) holds for a ∈ P+
r−N , the Boltz-

mann weight functions are well defined. The Boltzmann weight functions
satisfy the Yang-Baxter equation of the face type.

∑
g

W

(
d e
c g

∣∣∣∣ u1

)
W

(
c g
b a

∣∣∣∣u2

)
W

(
e f
g a

∣∣∣∣u1 − u2

)

=
∑

g

W

(
g f
b a

∣∣∣∣u1

)
W

(
d e
g f

∣∣∣∣u2

)
W

(
d g
c b

∣∣∣∣u1 − u2

)
. (49)
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We set the normalization function ϕ(z) such that the minimal eigenvalue
of the corner transfer matrix becomes 1 [21]. The vertex operator Φ(b,a)(z)
and the dual vertex operator Φ∗(a,b)(z) associated with the elliptic quantum
group Uq,p(ŝlN ), are the operators which satisfy the following commutation
relations,

Φ(a,b)(z1)Φ(b,c)(z2) =
∑

g

W

(
a g
b c

∣∣∣∣u2 − u1

)
Φ(a,g)(z2)Φ(g,c)(z1), (50)

Φ(a,b)(z1)Φ∗(b,c)(z2) =
∑

g

W

(
g c
a b

∣∣∣∣ u1 − u2

)
Φ∗(a,g)(z2)Φ(g,c)(z1), (51)

Φ∗(a,b)(z1)Φ∗(b,c)(z2) =
∑

g

W

(
c b
g a

∣∣∣∣u2 − u1

)
Φ∗(a,g)(z2)Φ∗(g,c)(z1).

(52)

and the inversion relation,

Φ(a,g)(z)Φ∗(g,b)(z) = δa,b. (53)

We give free field realization of the vertex operator. In what follows we set
l = b+ρ, k = a+ρ, (a ∈ P+

r−N , b ∈ P+
r−N−1) and πµ =

√
r(r − 1)Pε̄µ , πµ,ν =

πµ−πν . We give the free field realization of the vertex operators Φ(a+ε̄µ,a)(z),
(1 5 µ 5 N − 1) [5] by

Φ(a+ε̄1,a)(z−1
0 ) = U(z0),

Φ(a+ε̄µ,a)(z−1
0 ) =

∮
· · ·

∮ µ−1∏

j=1

dzj

2πizj
U(z0)F 1(z1)F 2(z2) · · ·Fµ−1(zµ−1)

×
µ−1∏

j=1

[uj − uj−1 + 1
2 − πj,µ]

[uj − uj−1 − 1
2 ]

. (54)

Here we set zj = q2uj . We take the integration contour to be simple closed
curve that encircles zj = 0, q1+2rszj−1, (s ∈ N) but not zj = q−1−2rszj−1, (s ∈
N) for 1 ≤ j ≤ µ−1. The Φ(a+ε̄µ,a)(z) is an operator such that Φ(a+ε̄µ,a)(z) :
Fl,k → Fl,k+ε̄µ . The free field realization of the dual vertex operator
Φ∗(a,b)(z) is given by similar way [5]. The vertex operator Φ(a,b)(z) plays an
important role in construction of the correlation functions of the Uq,p(ŝlN )
face model [5, 11].

3.5. Boundary transfer matrix
In this section we introduce the boundary transfer matrix TB(z) [6], fol-
lowing theory of boundary Yang-Baxter equation [8, 16]. In this section we
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consider the case r = N + 2, (r ∈ N) and s = N . An order set of three
weights (a, b, g) ∈ P 3 is called an admissible configuration at a boundary
if and only if the ordered pairs (g, a) and (g, b) are admissible. Let us set

the boundary Boltzmann weight functions K

(
a

g
b

∣∣∣∣∣ u

)
for admissible

weights (a, b, g) as following [15].

K

(
a

a + ε̄µ

b

∣∣∣∣∣ u

)
= z

r−1
r

N−1
N

− 2
r
a1

h(z)
h(z−1)

[c− u][a1,µ + c + u]
[c + u][a1,µ + c− u]

δa,b.

(55)

In this paper, we consider the case of continuous parameter 0 < c < 1. The
normalization function h(z) is given by following [6].

h(z) =
(q2r+2N−2/z2; q2r, q4N )∞(q2N+2/z2; q2r, q4N )∞

(q2r/z2; q2r, q4N )∞(q4N/z2; q2r, q4N )∞

× (q2N+2c/z; q2r, q2N )∞(q2r−2c/z; q2r, q2N )∞
(q2N+2r−2c−2/z; q2r, q2N )∞(q2c+2/z; q2r, q2N )∞

(56)

×
N∏

j=2

(q2r+2N−2c−2a1,j/z; q2r, q2N )∞(q2c+2a1,j/z; q2r, q2N )∞
(q2r+2N−2c−2a1,j−2/z; q2r, q2N )∞(q2c+2+2a1,j/z; q2r, q2N )∞

.

The boundary Boltzmann weight functions and the Boltzmann weight func-
tions satisfy the boundary Yang-Baxter equation [8].

∑

f,g

W

(
c f
b a

∣∣∣∣ u1 − u2

)
W

(
c d
f g

∣∣∣∣ u1 + u2

)
K

(
g

f
a

∣∣∣∣∣ u1

)
K

(
e

d
g

∣∣∣∣∣ u2

)

=
∑

f,g

W

(
c d
f e

∣∣∣∣ u1 − u2

)
W

(
c f
b g

∣∣∣∣ u1 + u2

)
K

(
e

f
g

∣∣∣∣∣ u1

)
K

(
g

b
a

∣∣∣∣∣ u2

)
.

(57)

We set the normalization function h(z) such that the minimal eigenvalue
of the boundary transfer matrix TB(z) becomes 1. We define the boundary
transfer matrix TB(z) for the elliptic quantum group Uq,p(ŝlN ).

TB(z) =
N∑

µ=1

Φ∗(a,a+ε̄µ)(z−1)K

(
a

a + ε̄µ

a

∣∣∣∣∣u

)
Φ(a+ε̄µ,a)(z). (58)

The boundary TB(z) commute with each other.

[TB(z1), TB(z2)] = 0, for any z1, z2. (59)
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This commutativity is consequence of the commutation relations of the
vertex operators (50), (51), (52), and boundary Yang-Baxter equation (57).

4. Diagonalization

In this section we diagonalize the boundary transfer matrix TB(z), using
free field realization of the vertex operators [6, 5, 13]. In this section we
consider the case r = N + 2, (r ∈ N) and s = N .

4.1. Boundary state
We call the eigenvector |B〉 with the eigenvalue 1 the boundary state.

TB(z)|B〉 = |B〉. (60)

We construct the free field realization of the boundary state |B〉, analyz-
ing those of the transfer matrix TB(z). The free field realization of the
boundary state |B〉 is given as following [6].

|B〉 = eF |k, k〉. (61)

Here we have set

F = −1
2

∑
m>0

N−1∑

j=1

N−1∑

k=1

1
m

[rm]q
[(r − 1)m]q

Ij,k(m)Bj
−mBk

−m +
∑
m>0

N−1∑

j=1

1
m

Dj(m)βj
−m,

(62)

where

Dj(m) = −θm


 [(N − j)m/2]q[rm/2]+q q

(3j−N−1)m
2

[(r − 1)m/2]q




+
q(j−1)m[(−r + 2π1,j + 2c− j + 2)m]q

[(r − 1)m]q

+
[m]qq(r−2c+2j−2)m

[(r − 1)m]q




N−1∑

k=j+1

q−2mπ1,k




+
q(2j−N)m[(r − 2π1,N − 2c + N − 1)m]q

[(r − 1)m]q
, (63)

Ij,k(m) =
[jm]q[(N − k)m]q

[m]q[Nm]q
= Ik,j(m) (1 5 j 5 k 5 N − 1). (64)

Here we have used [a]+q = qa + q−a and θm(x) =
{

x, m : even
0, m : odd .
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4.2. Excited states
In this section we construct diagonalization of the boundary transfer ma-
trix TB(z) by using the boundary state |B〉 and type-II vertex operator
Ψ∗(b,a)(z). Let us introduce type-II vertex operator Ψ∗(b,a)(z) [13] by the
following commutation relations,

Ψ∗(a,b)(z1)Ψ∗(b,c)(z2) =
∑

g

W ∗
(

a g
b c

∣∣∣∣u1 − u2

)
Ψ∗(a,g)(z2)Ψ∗(g,c)(z1),

(65)

Φ(d,c)(z1)Ψ∗(b,a)(z2) = χ(z2/z1)Ψ∗(b,a)(z2)Φ(d,c)(z1), (66)

Φ∗(c,d)(z1)Ψ∗(b,a)(z2) = χ(z1/z2)Ψ∗(b,a)(z2)Φ∗(c,d)(z1), (67)

where we have set χ(z) = z−
N−1

N
Θ

q2N (−qz)

Θ
q2N (−qz−1)

and W ∗
(

a g
b c

∣∣∣∣ u

)
is obtain-

ed by substitution r → r∗ of the Boltzmann weight functions W

(
a g
b c

∣∣∣∣ u

)

defined in (45), (46), (47). Let us set l = b + ρ, k = a + ρ, (a ∈ P+
r−N , b ∈

P+
r−N−1). The free field realization of the type-II vertex operators Ψ∗(b,a)

µ (z),
(1 5 µ 5 N − 1) are give by

Ψ∗(b+ε̄1,b)(z−1
0 ) = V (z0),

Ψ∗(b+ε̄µ,b)(z−1
0 ) =

∮
· · ·

∮ µ−1∏

j=1

dzj

2πizj
V (z0)E1(z1)E2(z2) · · ·Eµ−1(zµ−1)

×
µ−1∏

j=1

[uj − uj−1 − 1
2 + πj,µ]∗

[uj − uj−1 + 1
2 ]∗

. (68)

We take the integration contour to be simple closed curve that encircles zj =
0, q−1+2r∗szj−1, (s ∈ N) but not zj = q1−2r∗szj−1, (s ∈ N) for 1 ≤ j ≤ µ−1.
The Ψ∗(b+ε̄µ,b)(z) is an operator such that Ψ∗(b+ε̄µ,b)(z) : Fl,k → Fl+ε̄µ,k. We
introduce the vectors |ξ1, ξ2, · · · , ξM 〉µ1,µ2,··· ,µM (1 5 µ1, µ2, · · · , µM 5 N).

|ξ1, ξ2, · · · , ξM 〉µ1,µ2,··· ,µM

= Ψ∗(b+ε̄µ1+ε̄µ2+···+ε̄µM
,b+ε̄µ2+···+ε̄µM

)(ξ1)× · · ·
× · · ·Ψ∗(b+ε̄µM−1

+ε̄µM
,b+ε̄µM

)(ξM−1)Ψ∗(b+ε̄µM
,b)(ξM )|B〉. (69)

We construct many eigenvectors of TB(z).

TB(z)|ξ1, ξ2, · · · , ξM 〉µ1,µ2,··· ,µM

=
M∏

j=1

χ(ξj/z)χ(1/ξjz) |ξ1, ξ2, · · · , ξM 〉µ1,µ2,··· ,µM . (70)
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The vectors |ξ1, ξ2, · · · , ξM 〉µ1,µ2,··· ,µM are the basis of the space of the state
of the boundary Uq,p(ŝlN ) face model [11, 12, 6]. It is thought that our
method can be extended to more general elliptic quantum group Uq,p(g).
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