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Abstract

We use the maximally permutation symmetric set of three-body coor-
dinates to analyze the “figure-eight” choreographic three-body motion
discovered by Moore [2] in the Newtonian three-body problem. We
show that the periodicity of this motion is closely related to the new
(“braiding”) hyper-angle φ. We construct an approximate integral of
motion G that together with the hyper-angle φ forms the action-angle
pair of variables for this problem and show that it is the underlying
cause of figure-eight motion’s stability. We construct figure-eight or-
bits in two other attractive permutation-symmetric three-body po-
tentials: the Y- and the ∆ strings. We apply these variables to two
new periodic, but non-choreographic orbits.

In this talk we report some soon to be published results of our studies of
figure-eight orbits of three-bodies in three potentials: 1) the Newtonian
gravity, i.e., the pairwise sum of −1/r two-body potentials; 2) the pairwise
sum of linearly rising r two-body potentials (a.k.a. the ∆ string potential);
3) the Y-junction string potential [17] that contains both a genuine three-
body part, as well as two-body contributions (this is the first time that the
figure-eight has been found in these string potentials, to our knowledge).
These three potentials share two common features, viz. they are attractive
and symmetric under permutations of any two, or three particles. We were
led to do this study by the recognition of the existence of a dynamical
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Figure 1: The curves/lines in shape space of triangles depicting triangles with one
fixed angle: a) the outer (blue on-line) dashes, for the fixed angle being equal to 109.5o,
b) full straight (blue on-line) lines for the fixed angle being equal to π
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, as functions

of the variables z
′

= z = cos 2χ and x
′

= x
√

1− z2 = cos θ sin 2χ. The domain of
these variables is a circle of radius unity. The two straight dashed lines (red on-line) at
angles of ± 2π

3
, and the vertical y-axis are the symmetry axes, i.e. s2 subgroups of the s3

permutation group, and of the “constant angle curves” in shape space, as well.

symmetry underlying the remarkable regularity in the Y- and ∆ string
energy spectra [16].

As there are three independent three-body variables, and there are two inde-
pendent permutation-symmetric three-body variables, the “hyper-radius”
R =

√
ρ2 + λ2 which measures the overall size of the triangle and the

area of the triangle, the third variable cannot be permutation-symmetric.
Moreover, it must be a continuous variable and not be restricted only to
a discrete set of points, as is natural for permutations. We have found a
set of variables that consist of R, and two “triangle shape variables”: the
“rescaled area of the triangle”

√
3

2R2 |ρ×λ|) and the (“braiding”) hyper-angle

φ = arctan
(

2ρ·λ
λ2−ρ2

)
, that makes the permutation symmetry manifest, see

Fig. 1. We use them to plot the motion of the numerically calculated
figure-eight orbit.

We identify here the third independent variable as φ = arctan
(

2ρ·λ
λ2−ρ2

)
and

show that it grows/descends (almost) linearly with the time t spent on
the figure-eight trajectory and reaches ±2π after one period T . A periodic
“figure eight” orbit, Fig. 2, with vanishing total angular momentum (L=0)
has been found by Moore [2] in the case of equal masses and gravitational
potential. One can see in Fig. 3 that the periodicity of the figure-eight
motion is determined by the braiding angle φ. Here one can also see that
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Figure 2: Real space trajectories of the figure-eight and some new solutions that pass
through the figure-eight initial configuration for three different potentials.

Figure 3: Trajectories of the figure-eight and one new solution in three different poten-
tials in terms of shape space variables r and φ.
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Figure 4: The time dependence of the hyper-angular radius r, and the hyper-angles
α = sin−1 r and φ of the figure-eight solution in the Y-string potential.

Figure 5: The time dependence of the hyper-angular radius r, and the hyper-angles
α = sin−1 r and φ of the type-I new solution in the Y-string potential that passes through
the figure-eight initial configuration. Note that φ moving from 0 to 2π corresponds to
two segments between vertical lines/discontinuities due to the numerical evaluation of
inverse trigonometric functions. Note that one complete period of the motion corresponds
to eight such segments, i.e. to φ changing from 0 to 8π, or to four complete revolutions
around the (r, φ) circle.
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Figure 6: The time dependence of the hyper-radius R and 10×φ in the type-II “oscil-
lating” solution in the Y-string potential.

the actual path in the shape space, Fig. 3, taken by the Newtonian three-
body system is remarkably close to the Newtonian iso-potential lines.

Thus, on the figure-eight orbit φ is, for most practical purposes, inter-
changeable with the time variable t (see Fig. 4). The hyper-angle φ is
the continuous braiding variable that interpolates smoothly between per-
mutations and thus plays a fundamental role in the braiding symmetry
of the figure-eight orbits [2, 18]. Then we constructed the hyper-angular
momentum G3 = 1

2 (pρ · λ− pλ · ρ) conjugate to φ, the two forming an
(approximate) pair of action-angle variables for this periodic motion. Here
we calculate numerically and plot the temporal variation of φ, as well as the
hyper-angular momentum G3(t), the hyper-radius R and r. We show that
the hyper-radius R(t) oscillates about its average value R with the same
angular frequency 3φ and phase, as the new (“reduced area”) variable r(t).
Thus, we show that φ(t) is, for most practical purposes, interchangeable
with the time variable t, in agreement with the tacit assumption(s) made
in Refs. [6], [3], though the degree of linearity of this relationship depends
on the precise functional form of the three-body potential.

As stated above, φ is not exactly proportional to time t, but contains some
non-linearities that depend on the specifics of the three-body potential;
consequently the hyper-angular momentum G3 is not an exact constant of
this motion, but oscillates about the average value G3, with the same basic
frequency 3φ. Thus, the time-averaged hyper-angular momentum G3 is the
action variable conjugate to the linearized hyper-angle φ

′
.

We used these variables to characterize two new planar periodic, but non-
choreographic three-body motions with vanishing total angular momentum.
One of these orbits corresponds to a modification of the figure-eight orbit
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with φ(t) that also grows more or less linearly in time, but has a more com-
plicated periodicity pattern defined by the zeros of the area of the triangle
formed by the three particles (also known as “eclipses”, “conjunctions” or
“syzygies”), Fig. 5.
Another new orbit has φ(t) that grows in time up to a point, then stops and
“swings back”, Fig. 6We show that this motion, and the other two, can be
understood in view of the analogy between the three-body hyper-angular
(“shape space”) Hamiltonian on one hand and a variable-length pendulum
in an azimuthally periodic in-homogeneous gravitational field, on the other.
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