Beyond Spacetime: On the Clifford Algebra Based Generalization of Relativity^∗

Matej Pavšič^† Jožef Stefan Institute, Jamova 39, Ljubljana, SLOVENIA

Abstract

Unification of fundamental interactions based on the theory of strings and other extended objects (branes), although very promising, has encountered certain technical and conceptual difficulties. Amongst other, it is not clear what is a deeper geometric principle beyond the string and brane theory. We point out that the physics of branes can be formulated in an infinite dimensional brane space whose points are kinematically possible branes. Although branes are systems with infinite number of degrees of freedom, it is possible to sample them with a finite number of degrees of freedom and formulate the theory in the so called Clifford space (C-space). This is a 16-dimensional space of oriented r-dimensional areas for r = 0, 1, 2, 3, 4. All dimensions of Cspace have a direct physical meaning, which is a significant advantage in comparison to the usual string theories and Kaluza-Klein theories, where the extra dimensions have to be “compactified” in order to be unobservable. We assume that C-space has in general non vanishing curvature. The connection and vielbein of Clifford space are determined by the solutions to the generalized Einstein equations, and contain, not only the 4-dimensional gravitational field, but also other gauge fields. This enables a unification of interactions similar to that in Kaluza-Klein theories.

1. Introduction The persisting problems such as quantum gravity and the unification of interactions suggest that our notion of spacetime should be revised. A promising new direction has been pioneered in refs [1]–[4]. The idea is that the arena for physics is a multidimensional configuration space associated with a physical system. In particular, we can consider a system of point particles. This has been investigated in detail within the context of (quantum) gravity by Barbour [1]. A somewhat different approach to the concept

∗ Work supported by the Slovenian Research Agency. † e-mail address: matej.pavsic@ijs.si 343 of configuration space associated with a system of point particles has been considered in refs. [3, 4], where a generalization to extended objects, such as strings and branes has also been studied.

1.1. Configuration space for infinite dimensional objects – branes

Theories of strings and higher dimensional objects—branes—are very promising in explaining the origin and interrelationship of the fundamental interactions, including gravity [5, 6].

But there is a cloud. A question arises as to what is the geometric principle behind string and brane theories, and how to formulate them in a background independent way [7].

I[g_{μν} ] = ∫ d^4x √ −g R

? ...................................

Figure 1: To a point particle there corresponds the Einstein-Hilbert action in spacetime. What is a corresponding space and action for a closed string?

Since such a fundamental issue has been left unsettled in the course of the development of string theory, it is not difficult to imagine that the latter theory is not yet finished. Recent serious criticism of string theory refers to an incomplete theory [8]. In the following we will consider the possibility that string/brane theories should take into account the concept of configuration space.

A brane can be considered as a point in an infinite dimensional space M with coordinates X^μ(ξ^a) ≡ X^{μ(ξ)} ≡ X^M (1)

where X^μ(ξ^a), μ = 0, 1, 2, , N − 1; a = 0, 1, 3, , n − 1, n < N, are brane’s embedding fuctions [9, 10]. This includes classes of tangentially deformed branes, which we can interpret as being physically different objects, not just as being related by reparametrizations of the brane’s world manifold [9] (see Fig. 2).

All such objects are represented by different points of M-space. The latter space is the configuration space associated with a brane. This is the space of all (infinitely many) possible configurations of a brane.

Instead of one brane we can take a 1-parameter family of branes X^μ(τ, ξ^a) ≡ X^{μ(ξ)}(τ) ≡ X^M (τ), i.e., a curve (trajectory) in M. In principle every

Figure 2: An example of a tangentially deformed membrane. Mathematically the surface on the left is the same as the surface on the right. Physically the two surfaces are different.

trajectory is kinematically possible. A particular dynamical theory then selects which amongst those kinematically possible branes and trajectories are dynamically possible. We assume that dynamically possible trajectories are geodesics in M determined by the minimal length action [9, 10]:

I[X^M ] = ∫ dτ (ρ_{MN} Ẋ^M Ẋ^N )^{(1/2)} (2)

Here ρ_{MN} is the metric of M.

In particular, if metric is

ρ_{MN} ≡ ρ_{μ(ξ}′_{)ν(ξ}′′_) = κ √ |f(ξ^′)| √ Ẋ2 (ξ′) δ(ξ^′ − ξ^{′′}) η_{μν} (3)

where f_{ab} ≡ ∂_aX^μ∂_bX^ν η_{μν} is the induced metric on the brane, f ≡ det f_{ab}, Ẋ2 ≡ ẊμẊν g_{μν} , (η_{μν} being the Minkowski metric of the embedding space-

time), then the equations of motion derived from (2) are precisely those of a Dirac-Nambu-Goto brane [9, 10].

In this theory we assume that the metric (3) is just one particular choice amongst many other possible metrics of M. But dynamically possible metrics are not arbitrary. We assume that they must be solutions of the Einstein equations in M [9, 10].

We take the brane space M as an arena for physics. The arena itself is a part of the dynamical system, it is not prescribed in advance. The theory is thus background independent. It is based on the geometric principle which has its roots in the brane space M.

In summary, the infinite dimensional brane space M has in principle any metric that is a solution to the Einstein’s equations in M. For the particular diagonal metric (3) we obtain the ordinary branes, including strings. But it remains to be checked whether such particular metric is a solution of this

I[g_{μν} ] = ∫ d^4x √ −g R

I[ρ_{μ(ϕ)ν(ϕ}′_)] = ∫ DX √ |ρ| R

..................................

Figure 3: Brane theory is formulated in M-space. The action is given in terms of the M-space curvature scalar R. We use abbreviation ϕ ≡ ϕ^A = (τ, ξ^a).

generalized dynamical system at all. If not, then this would mean that the ordinary string and brane theory is not exactly embedded into the theory based on a dynamical M-space. The proposed theory goes beyond that of the usual strings and branes. It resolves the problem of background independence and the geometric principle behind the string theory (Fig. 3). Geometric principle behind the string theory is based on the concept of brane space M, i.e., the configuration space for branes. Occurrence of gauge and gravitational fields in string theories is also elucidated. Such fields are due to string configurations. They occur in the expansion of a string state functional in terms of the Fock space basis. This can now be understood as well within the classical string theory based on the action (2) with M-space metric ρ_{MN} , which is dynamical and satisfies the Einstein equations in M. Multidimensionality of ρ_{MN} allows for extra gauge interactions, besides gravity. In the following we will point out how in the infinite dimensional space M one can factor out a finite dimensional subspace.

2. Finite dimensional description of extended objects

The Earth has a huge (practically infinite) number of degrees of freedom. And yet, when describing the motion of the Earth around the Sun, we neglect them all, except for the coordinates of the centre of mass.

Instead of infinitely many degrees of freedom associated with an extended object, we may consider a finite number of degrees of freedom.

2.1. The space of r-volumes

Strings and branes have infinitely many degrees of freedom. But at first approximation we can consider just the center of mass (Fig. 4a).

Next approximation is in considering the holographic coordinates X^{μν} of the oriented area enclosed by the string (Fig. 4b).

We may go further and search for eventual thickness of the object. If the string has finite thickness, i.e., if actually it is not a string, but a 2-brane, then there exist the corresponding volume degrees of freedom X^{μνρ} (Fig. 5).

M_4 X^μ

X^μ(ξ) x^1 x^2 x^3

(a) (b)

X^{13}

X^{12}

X^{23}

Figure 4: With a closed string one can associate the center of mass coordinates (a), and the area coordinates (b).

M_4 X^μ

X^μ(ξ)

X^{123}

Figure 5: Looking with a sufficient resolution one can detect eventual presence of volume degrees of freedom.

In general, for an extended object in M_4, we have 16 coordinates

X^M ≡ X^{μ1...μr} , r = 0, 1, 2, 3, 4 (4) They are projections of r-dimensional volumes (areas) onto the coordinate planes.

Oriented r-volumes can be elegantly described by Clifford algebra [11]. Let us illustrate this on the example of a 2-surface Σ bounded by a loop B. An infinitesimal surface element is given by the wedge product of two infinitesimal vectors dξ_1 and dξ_2, expanded in terms of the basis tangent vectors e_a, a = 1, 2:

dΣ = dξ_1 ∧ dξ_2 = dξ^a_1 dξ^b_2 e_a ∧ e_b = 1 2 dξ^{ab}e_a ∧ e_b (5)

where dξ^{ab} = dξ^a_1 dξ^b_2 −dξ^a_2 dξ^b_1. Inserting the relation e^a = ∂_aX^μγ_μ between the basis vector e_a tangent to the surface Σ and the basis vectors γ_μ of the embedding space(time), and integrating over dΣ, we have ∫ Σ_B

dΣ = 1 2 X^{μν} γ_μ ∧ γ_ν (6)

where X^{μν} = 1 2 ∫ Σ_B

dξ^{ab}(∂_aX^μ∂_bX^ν − ∂_aX^ν ∂_bX^μ) (7) which by the Stokes theorem gives

X^{μν} = 1 2 ∮ Σ_B ds ( X^μ

∂X^ν ∂s − X^ν

∂X^μ ∂s ) (8) Here X^μ(s) are embedding functions of the boundary loop B, s being a parameter along the loop. Eq. (8) tells us that there is a mapping X^μ(s) → X^{μν} (9) from infinite dimensional objects X^μ(s), describing loops, into the finite dimensional objects X^{μν} .

The above arrangement can describe two physically distinct situations: (i) A loop B can be a closed string. Then X^{μν} are bivector coordinates associated with the closed string.

(ii) A surface Σ can correspond to an open 2-brane whose boundary is B.

Then X^{μν} are bivector coordinates associated with the open 2-brane. Analogous setup holds for objects of arbitrary dimensions:

X^{μ1μ2...μ3} = 1 2 ∫ B_r

dξ^{a1...ar} ∂_{[a1} X^{μ1} ...∂_{ar ]}X^{μr} (10)

2.2. Clifford space as a generalization of spacetime the usual relativity, formulated in spacetime in which the interval is

ds^2 = η_{μν} dx^μdx^ν (11) one can consider the theory in which the interval is extended to the space of r-volumes, called pandimensional continuum [12] or Clifford space [13]–[17]:

dS^2 = G_{MN} dx^M dx^N (12) Coordinates of Clifford space can be used to model extended objects [13, 15]. They are a generalization of the concept of center of mass. Instead of describing an extended object in “full detail”, we can describe it in terms of the center of mass, area and volume coordinates. In particular, the extended object can be a fundamental string/brane.

Dynamics. Taking also a time like parameter τ, our object can be described by 16 functions X^M (τ). Let the action for an extended object described in terms of the coordinates of Clifford space be I = ∫ dτ (G_{MN} Ẋ^M Ẋ^N )^{1/2} (13)

If G_{MN} = η_{MN} is Minkowski metric, then the equations of motion are

Ẍ^M ≡ d^2X^M

dτ^2

= 0 (14)

They hold for tensionless branes. For the branes with tension one has to replace η_{MN} with a generic metric G_{MN} with non vanishing curvature. Eq. (14) then generalizes to the corresponding geodesic equation 1 √ Ẋ2 ( ẊM √ Ẋ2 ) + Γ^M_{JK}

ẊJẊK Ẋ2 = 0 (15)

As an example let us consider the Dirac membrane, described by four embedding functions of three parameters ξ^a = (τ, ϑ, φ):

X^μ(ξ^a) = (X^0, r sin ϑ cos ϕ, r sin ϑ sin ϕ, r cos ϑ) (16) The metric on the worldsheet swept by the membrane is

γ_{ab} =

Ẋ2_0 − ṙ2 0 0

0 − r^2 0 0 0 − r^2 sin^2 ϑ

(17)

The action is I = ∫ dτ dϑ dϕ √ |γ| = ∫ dτ 4πr^2 √ Ẋ2_0 − ṙ2 (18)

where √ |γ| ≡ √ | det γ| = √ Ẋ2_0 − ṙ2 r2 sin ϑ. Variation of the above action with respect to r and X^0 = X_0 gives the following equations of motion: d dτ ṙ √ Ẋ2_0 − ṙ2 + 2 Ẋ2_0 r √ Ẋ2_0 − ṙ2

= 0 (19)

d dτ r^2

Ẋ_0 √ Ẋ2_0 − ṙ2

= 0 (20)

If we now introduce the new variable according to eq. (10)

X^{123} =^1_{3!} ∫ dr dϑ dϕ ∂_{[a}X^1∂_bX^2∂_{c]}X^3 =^{4πr3}_3 Ẋ123 = 4πr2ṙ

dX^{123}

dS =^{Ẋ123}

4πr^2

√_{Ẋ20 −ṙ2} =^ṙ√_{Ẋ20 −ṙ2}

(21)

where dS = dτ 4πr^2 √ Ẋ2_0 − ṙ2, then the equation of motion (19) becomes

d^2X^{123} dS^2 + 2 3X^{123} ( 1 + ( dX^{123} dS )_2) = 0 (22) whereas eq. (20), due to the reparametrization invariance of our action (18), is redundant.

The equation of motion (22) can be considered as the geodesic equation (15) derived from the C-space action (13) for the case of a subspace described by two coordinates X^M = (X^0, X^{123}) with the metric

G_{MN} = ( CX̃^{4/3} 0 0 − 1 ) (23)

where C is a constant, and where we have denoted X̃ ≡ X^{123}. Namely, if we insert the particular metric (23) into the equation of geodesic (15), then we obtain eq. (22).

We can show that the above C-space description is equivalent to the Dirac membrane by directly comparing the actions. In the 2-dimensional subspace with coordinates X^M = (X^0, X^{123}), X^{123} ≡ X̃, and the metric (23) we have the following line element

dS^2 = G_{00}(dX^0)^2 + G_{X̃X̃} dX̃^2 dS^2 = CX̃^{4/3}(dX^0)^2 − dX̃^2

(24)

Using X̃ =^{4πr3}_3 , dX̃ = 4πr3dr

X̃4/3 = (^{4π}_3 )^{4/3} r4 C (_{4π} 3 )_{4/3} = (4π)^2

(25)

we have dS^2 = (4πr^2)^2 ( d(X^0)^2 − dr^2 ) (26)

Inserting the latter line element into the action

I[X^M ] = ∫ dS = ∫ dτ (G_{MN} Ẋ^M Ẋ^N )^{1/2} (27)

we obtain I = ∫ dτ (4πr^2)^2 √ (Ẋ^0)^2 − ṙ^2 (28)

which is the action for the Dirac membrane.

The above example explicitly shows why description of branes with non vanishing tension requires non trivial metric of the brane configuration space.

Such higher dimensional configuration space, associated with branes, enables unification of fundamental interactions à la Kaluza-Klein [18]. For alternative, although related approaches see [19].

3. Curved Clifford space 3.1. On the general relativity in C-space Clifford space is a straightforward generalization of spacetime manifold M. In the spacetime manifold M_{1,3}, in which we choose a point P_0 as the origin, the vectors x = x^μγ_μ|_{P0} ∈ V_{1,3}(P_0) = T_{P0} (M_4) are in one-to-one correspondence with other points P ∈ M_4, at least within a region B ⊂ M_4 around P_0.

Similarly, the polyvectors X = X^M γ_M |_{E0} ∈ Cℓ(1, 3) are in one-to-one correspondence with the points E of a 16-dimensional manifold C, called a Clifford space, in which we choose a point E_0 as the as the origin, such that γ_M |_{E0} ∈ T_{E0} (C) are tangent polyvectors at E_0. In other words, vectors of the tangent space at E_0 ∈ C can be mapped into the points E ∈ C of a region around E_0. A tangent space to a point E ∈ C is the vector space defined by the Clifford algebra Cℓ(1, 3). Coordinate basis elements

γ_M ≡ γ_{μ1...μr} , r = 0, 1, 2, 3, 4 (29)

depend on position E ∈ C, and are not defined as a wedge product. Orthonormal basis elements

γ_A = γ_{a1a2...ar} = γ_{a1} ∧ γ_{a2} ∧ ... ∧ γ_{ar} (30)

are defined as the wedge product of the orthonormal basis vectors γ_a ∈ V_{1,3}. The two sets of basis elements are related in terms of the C-space vielbein:

γ_M = e_M^Aγ_A. (31)

From the last relation it is obvious that γ_M , in general, has indefinite grade. It may happen that at a point E_1 we have γ_M = γ_{μ1} ∧ ... ∧ γ_{μr} , but because of eq. (31) this, in general, does no longer hold at some other point E_2. Whereas the metric of C-space is

γ^‡_M ∗ γ_N = g_{MN} (32)

the metric of the tangent space spanned by γ_A is the generalized Minkowski metric:

γ^‡_A ∗ γ_B = η_{AB} (33) The operation ‡ reverses the order of vectors in a Clifford product:

(γ_{a1} γ_{a2}...γ_{ar} )^‡ = γ_{ar} ...γ_{a2} γ_{a1}.

Here A ∗ B ≡ ⟨AB⟩_0 is the scalar product between polyvectors A and B, where the subscript 0 denotes the zero grade part, i.e., the scalar part.

Besides the basis elements γ_M and γ_A, we can define the reciprocal elements γ^M , γ^A by the relations

(γ^M )^‡ ∗ γ_N = δ^M_N , (γ^A)^‡ ∗ γ_B = δ^A_B (34)

Let us introduce the differential operator ∂_M ≡ ∂_{γM} , called derivative^1, acting on polyvector valued fields.

If it acts on a scalar field ϕ , then it behaves just as a partial derivative:

∂_M ϕ = ∂ϕ ∂x^M

(35)

If it acts on a coordinate frame field or on an orthonormal field, then it defines the corresponding connections:

∂_M γ_N = Γ^J_{MN} γ_J (36) ∂_M γ_A = −Ω_A^B_M γ_B (37) (38)

Derivative of a generic polyvector field A = A^N γ_N is

∂_M (A^N γ_N ) = ∂_M A^N γ_N + A^N ∂_M γ_N = (∂_M A^N + Γ^N_{MK}A^K )γ_N ≡ D_M A^N γ_N (39) where D_M A^N ≡ ∂_M A^N + Γ^N_{MK}A^K are components of the covariant derivative in the coordinate basis, i.e., the ‘covariant derivative’ of the tensor analysis. Here A^N are scalar components of A, and ∂_M A^N is just the partial derivative of a scalar field with respect to X^M :

∂_M ≡ ( ∂ ∂s , ∂ ∂x^{μ1} , ∂ ∂x^{μ1μ2}

, ..., ∂ ∂x^{μ1...μn} ) (40)

Other symbols for the derivative used in the literature are □_M , ∇_M , D_{γM} , ∇_{γM} .

We define the curvature of C-space in the analogous way as in the ordinary spacetime, namely by employing the commutator of the derivatives [11, 9, 16]. Using eq. (36) we have

[∂_M , ∂_N ]γ_J = R_{MNJ}^K γ_K (41)

where

R_{MNJ}^K = ∂_M Γ^K_{NJ} − ∂_N Γ^K_{MJ} + Γ^R_{NJ} Γ^K_{MR} − Γ^R_{MJ} Γ^K_{NR} (42)

1This operator is a generalization to curved C-space of the derivative ∂μ which acts in an n-dimensional space Vn, and was defined by Hestenes [11] (who used a different symbol, namely □μ).

is the curvature of C-space. Using (41) and (34) we can express the curvature according to

(γ^K )^‡ ∗ ([∂_M , ∂_N ]γ_J ) = R_{MNJ}^K (43)

An analogous relation we have if the commutator of the derivatives operates on orthonormal basis elements and use eq. (37):

[∂_M , ∂_N ]γ_A = R_{MNA}^B γ_B (44)

where

R_{MNA}^B = −(∂_M Ω_A^B_N − ∂_N Ω_A^B_M + Ω_A^C_N Ω_C^B_M − Ω_A^C_M Ω_C^B_N ) (45)

In the theory considered here, the concept of spacetime should be replaced by that of C-space. Spacetime is just a start. From its basis we can build a larger space —Clifford space—which also is physical. It has 16 dimensions, and therefore can serve as a realization of Kaluza-Klein theory, without the need to introduce extra dimensions of the underlying spacetime M_4. Let us assume that the classical action contains a term which describes the “point particle” in C-space and a kinetic term which describes the dynamics of the C-space itself:

I[X^M , G_{MN} ] = ∫ dτ (Ẋ^M Ẋ^N G_{MN} )^{1/2} + κ 16π ∫ [dx]R (46)

Here Ẋ^M ≡ dX^M /dτ, κ a constant, [dx] ≡ d^{16}x the measure on C-space, and R = R_{MNJ}^N the curvature scalar (see eqs. (41)–(45)) of C-space, analogous to the curvature scalar of the ordinary general relativity. The action is invariant under local (pseudo) rotations in tangent space T_X (C), and under general coordinate transformations in C-space.

Variation of the action (46) with respect to X^M gives the geodetic equation (15) in C-space, whereas variation with respect to G_{MN} gives the C-space Einstein’s equations:

R^{MN} − 1 2 G^{MN} R = 8πκ ∫ dτ δ^{(C)}(x − X(τ))Ẋ^M Ẋ^N (47)

where δ^{(C)} is the δ-function in C-space.

When looking from the 4-dimensional spacetime, the equation of geodesic (15) contains besides the usual gravitation also other interactions. They are encoded in the metric components G_{MN} of C-space. Gravity is related to the components G_{μν} , μ, ν = 0, 1, 2, 3, while the gauge fields due to other interactions are related to the components G_μ¯_M , where the index M̄ ≠ ν assumes 12 possible values, excluding the four values ν = 0, 1, 2, 3. In addition, there are also interactions due to the components G¯_M¯_N , but they have not the property of the ordinary Yang-Mills fields.

The occurrence of gauge interaction within the framework of a higher dimensional space is a well known feature of Kaluza-Klein theories. But in our approach the “extra dimensions” of the 16-dimensional Clifford space need not be compactified, because they are associated with observable properties of physical objects, namely their effective r-volumes, as explained in sec. 2 and refs. [15].

In quantizing such classical theory, based on the action (13) which describes ‘point particle’ in C, one expects to be able to proceed as usual, and arrive at the quantum field theory in C. So there would be no necessity to increase the dimensionality of (4-dimensional) spacetime, from which we start in building the 16-dimensional Clifford space C.

Consider now the possibility of choosing to describe the object of Figs. 4,5, not with a set of coordinates X^M = {X, X^{μ1} , X^{μ1μ2} , X^{μ1μ2,μ3} , X^{μ1 μ2,μ3,μ4} }, but rather employ a more detailed description. Let ξ be a parameter along the “centroid” loop, i.e., a closed string of Fig. 4a, and let X^μ(ξ) be its embedding functions in M_4. But if we look more closely (Fig. 5), we find that at every value of parameter ξ the string has a thickness: At every value of ξ, instead of a point there may be a loop, described by X^{μ1 μ2} . If we look even closer, we may find even more structure, encoded in coordinates X^{μ1 μ2,μ3} and X^{μ1 μ2,μ3,μ4} . Altogether, taking into account as well a time like parameter τ, our object is described by 16 functions X^M (τ, ξ). These are functions describing the embedding of a string’s worldsheet into a 16-dimensional Clifford space C. Instead of the usual string worldsheet X^μ(τ, ξ), μ = 0, 1, 2, 3, we have a worldsheet in a higher dimensional space which is not spacetime, but Clifford space (i.e., a configuration space) C. It was shown that such string living in C—which happens to have signature (8, 8)—can be be consistently quantized [20] by employing the Jackiw definition of vacuum state [21, 22].

Hence, there is a possibility of having a consistent string theory without employing extra dimensions of spacetime, provided that one does not consider infinitely thin strings, but allows for their thickness, encoded in the coordinates of Clifford space.

4. Summary

We have considered a theory in which spacetime is replaced by a larger space, namely the configuration space associated with a system under consideration. For strings/branes the configuration space is infinite dimensional, but it can be reduced to a corresponding finite dimensional space, the so called Clifford space C. Since configuration space has extra dimensions, its metric provides description of additional interactions, beside the 4-dimensional gravity, just as in Kaluza-Klein theories. In this theory there is no need for extra dimensions of spacetime. The latter space is a subspace of the configuration space C, and all dimensions of C are physical. Therefore, there is no need for a compactification of the extra dimensions of C. We have presented some theoretical justifications for the insight that the basic space of physics could be associated with configurations of physical systems. Search for possible realistic solutions to the theory and their comparison with observations is a project worth of being pursued in the future.

References

[1] J. Barbour, Dynamics of Pure Shape, Relativity and the Problem of Times, arXiv:

gr-qc/0309089; J. Barbour, Class.Quant.Grav. 19 (2002) 3217; J. Barbour, The End of Time, Oxford University Press, 2000.

[2] E. Anderson, Class. Quant. Grav. 24 (2007) 5317. E. Anderson, “Triangleland. I. Classical dynamics with exchange of relative angular momentum,” [arXiv:0809.1168 [gr-qc]]; E. Anderson, “Triangleland. II. Quantum Mechanics of Pure Shape,” arXiv:0809.3523 [gr-qc].

[3] M.Pavšič, The Landscape of Theoretical Physics: A Global View; From Point Particle to the Brane World and Beyond, in Search of Unifying Principle, Kluwer Academic, Dordrecht 2001, pages 107–163.

[4] M. Pavšič, “Towards a New Paradigm: Relativity in Configuration Space,” arXiv:0712.3660 [gr-qc].

[5] M.B. Green, J.H. Schwarz and E. Witten, Superstring theory, Cambridge University Press, Cambridge, 1987; M. Kaku, Introduction to Superstrings, Springer- Verlag, New York, 1988; M. J. Duff, Scientific American February 1998 69; U. Danielsson, Rep. Progr. Phys. 64 (2001) 51.

[6] M. J. Duff, “Benchmarks on the brane,” [arXiv:hep-th/0407175]; M. J. Duff, Nucl.

Phys. B 335 (1990) 610. M. J. Duff and J. X. Lu, Nucl. Phys. B 347 (1990) 394.

[7] E. Witten, Phys. Rev. D 46 (1992) 5467; “Quantum Background Independence in String Theory”, [arXiv:hep-th/9306122]; ”Reflections on the Fate of Spacetime”, Physics Today, April 1996.

[8] Lee Smolin, The Trouble With Physics: The Rise of String Theory, The Fall of a Science, and What Comes Next, Houghton Mifflin, Boston 2006.

[9] M.Pavšič, The Landscape of Theoretical Physics: A Global View; From Point Particle to the Brane World and Beyond, in Search of Unifying Principle, Kluwer Academic, Dordrecht 2001.

[10] M. Pavšič, “General Principles of Brane Kinematics and Dynamics”, Contribution to the Proceedings of the EURESCO conference ‘What comes beyond the Standard Model’, 12-17 July 2003, Portorož, Slovenia, [arXiv:hep-th/0311060].

[11] D. Hestenes, Space-Time Algebra (Gordon and Breach, New York, 1966); D.

Hestenes and G. Sobcyk, Clifford Algebra to Geometric Calculus, D. Reidel, Dordrecht, 1984.

[12] W. Pezzaglia, “Physical Applications of a Generalized Geometric Calculus,” in Dirac Operators in Analysis (Pitman Research Notes in Mathematics, Number 394), J. Ryan and D. Struppa eds., (Longmann 1997) pp.191–202 [arXiv: grqc/9710027].

[13] C. Castro, Chaos Solitons Fractals 11 (2000) 1721 [arXiv:hep-th/9912113].

[14] M. Pavšič, Found. Phys. 31(2001) 1185 [arXiv:hep-th/0011216];

[15] M. Pavšič, Found. Phys. 33 (2003) 1277 [arXiv:gr-qc/0211085].

[16] C. Castro and M. Pavšič, Phys. Lett. B 539 (2002) 133 [arXiv:hep-th/0110079].

[17] C. Castro and M. Pavšič, Prog. Phys. 1 (2005) 31.

[18] M. Pavšič, Phys. Lett. B614 (2005) 85 [arXiv:hep-th/0412255]; Int. J. Mod.

Phys. A 21 (2006) 5905. [arXiv:gr-qc/0507053]; Found. Phys. 37 (2007) 1197 [arXiv:hep-th/0605126].

[19] C. Castro, J. Math. Phys. 47 (2006) 112301; Found. Phys. 35 (2005) 971. [20] M. Pavšič, Found. Phys. 35, 1617 (2005) [arXiv:hep-th/0501222]. [21] D. Cangemi, R. Jackiw and B. Zwiebach, Annals of Physics 245 (1996) 408; E.

Benedict, R. Jackiw and H.-J. Lee, Phys. Rev. D 54 (1996) 6213. [22] M. Pavšič, Phys. Lett. A 254 (1999) 119 [arXiv:hep-th/9812123].