Cohomological products via intersections on Morse – Floer moduli spaces^∗

Darko Milinković^† Matematički fakultet, Studentski trg 16, 11000 Belgrade, SERBIA

Abstract Multiplications in cohomology of a smooth manifold can be described in terms of Morse–Floer gradient lines on certain graphs or Riemann surfaces with boundary. This description is functorial with respect to the variation of parameters.

1. Introduction It is well known that the intersection theory of smooth manifolds is cohomological in its nature. The most basic, classical, example is the formula

R · S = ∫ M P D(R) ∪ P D(S), (1)

where R, S are closed smooth submanifolds of a closed smooth manifold M, R · S their (signed) intersection number, P D(R), P D(S) their Poincaré duads, and ∪ their cup (or wedge, in terms of differential forms) product (see for example [4] for details).

The main result in Morse–Floer theory is that the (co)homology of a smooth manifold is encoded in a moduli space of solutions of the system dγ dt = −∇f(γ) (2)

in Morse, or ¯∂_J u = −∇H(u), (3)

∗ Work partially supported by Serbian Ministry of Science and Environmental Protection Project #144020.

† e-mail address: milinko@matf.bg.ac.yu 243 where ¯∂_J u := ∂u ∂s + J ∂u ∂t in Floer case. Here f : M → R is a generic Morse function, H : T^∗M → R is a generic compactly supported Hamiltonian, J : T^∗M → T^∗M is a generic almost complex structure compatible with standard symplectic form on a cotangent bundle, and ¯∂_J is a Cauchy–Riemann operator defined in terms of J (see [14] for more precise definitions). If a domain of γ is a real line R, and a domain of u is a strip [0, 1] × R, the equations (2) (resp. (3)) define the (co)boundary operator on Morse (resp. Floer) (co)homology chain groups (see [11, 16] and references given there). If a domain of γ is a more complicated graph, and a domain of u a more general Riemann surface with boundary, the equations (2) and (3) define various cohomological products. In particular, if a domain of γ is a tree with 3 vertices at the boundary, and 3 edges parametrized by (−∞, 0], (−∞, 0], [0, +∞), then (2) describes the intersection of two unstable and one stable manifolds of ∇f. It is not difficult to see that it follows from (1) that (2) then defines a standard cup product ∪ : H^r(M) ⊗ H^s(M) → H^{r+s}(M).

For more general cohomology operations via graphs and Morse gradient flows we refer the reader to [3] (see also [13, 15] for generalizations and applications to Lagrangian submanifolds theory).

It turns out that these products are functorial with respect to variations of parameters (Morse functions and Hamiltonians).

2. Piunikhin-Salamon-Schwarz isomorphism

Let M be a smooth manifold, f : M → R a Morse function on M, and H : T^∗M → R a compactly supported smooth Hamiltonian on a cotangent bundle. It is known that the Morse homology groups HM_∗(f) are isomorphic to the Floer homology groups HF_∗(H). More precisely, let CM_p(f) be the vector space over Z_2, generated by critical points of f with Morse index p, and let CF_p(H) be the vector space over Z_2, generated by critical points of the action functional

A_H (ζ) =

∫_1 0 pdq − Hdt,

on the space of smooth paths

ζ : [0, 1] → T^∗M

with boundary conditions

ζ(0), ζ(1) ∈ 0_M ,

where 0_M is the zero section of T^∗M. Here p is the Maslov index for paths (see [20, 21]). Then the negative gradient equations (2) for

γ : R → M define the Morse boundary operator

∂_M : CM_p(f) → CM_{p−1}(f).

More precisely, if n(x_−, x_+) denotes the number of solutions of (2) with the asymptotic conditions γ(±∞) = x_± then ∂_M is given, on a chain level, by

Crit_p(f) ∋ x → ∑ y n(x, y)y ∈ C_{p−1}(f). (4)

In a completely analogous way the nonlinear nonhomogeneous Cauchy– Riemann equations (3) for

u : R × [0, 1] → T^∗M, u({0, 1} × R) ⊂ 0_M

define the Floer boundary operator

∂_F : CF_p(H) → CF_{p−1}(H).

Note that these constructions make use of zero–dimensional components of solutions of (2) and (3), since only in this case n(x, y) is a finite number. The higher dimensional components of solutions play role in homotopy theory [2] or in generalized (co)homology [17].

Morse cohomology groups HM^∗(f) are defined a dual way, by taking a cochain complex CM^∗(f) to be Hom(CM_∗(f), Z_2) and the coboundary operator δ : CM^p(f) → CM^{p+1}(f) defined by ⟨δa, α⟩ := ⟨a, ∂α⟩.

There is an obvious isomorphism

Γ : CM_∗(f)^{∼=}−→ CM_{n−∗}(−f)

which is compatible with the boundary operators in homology and thus gives rise to the isomorphism

σ_f : HM_{n−∗}(−f)^{∼=}−→ HM^∗(f). (5)

Similar construction is easily carried out in Floer case. The isomorphism HM_∗(f) ∼= HF_∗(H) established by Floer [5] uses the fact that HM_∗(f) and HF_∗(H) do not depend on f and H, and the convenient choice of C^2–small autonomous Hamiltonian H.

In [10] we proved that there exists an isomorphism that is functorial with respect to the variation of f and H. More precisely, there exist isomorphisms

Φ : HF_∗(H) → HM_∗(f), Ψ : HM_∗(f) → HF_∗(H)

such that the diagram

HF_∗(H^α)^{Sαβ}−→HF_∗(H^β) ↑ Ψ^α ↑ (Φ^β)^{−1}

HM_∗(f^α)^{T αβ}−→HM_∗(f^β)

commutes. These isomorphisms are constructed as the intersections of the solutions of (2) and (3) in appropriate moduli spaces or, more explicitly, by means of solutions of systems dγ dt = −∇f(γ(t)), ∂u ∂s + J^{∂u}_{∂t} = −∇(ρ_RH)(u) u(s, 0), u(s, 1) ∈ O_M , γ(−∞) = p, u(+∞, t) = x(t), γ(0) = u(0,^1_2 )

dγ dt = −∇f(γ(t)), ∂u ∂s + J^{∂u}_{∂t} = −∇(χ_RH)(u) u(s, 0), u(s, 1) ⊂ O_M , γ(+∞) = p, u(−∞, t) = x(t), γ(0) = u(0,^1_2 )

where ρ_R, χ_R : R → R are conveniently chosen smooth functions with compact supports. The isomorphisms Φ and Ψ are then constructed in a similar way as the boundary operators (4) (see [10], and also [8] for more details, [19] for the periodic orbits case, [9] for generalizations from Z_2 to more general coefficients ring, and [1] for generalizations from T^∗M to more general symplectic manifolds).

By duality, we get the same results in cohomology.

3. Products in Morse–Floer cohomology If the domain for γ in (2) is a graph Γ, the equations (2) for γ : Γ → M give rise to various (for different Γs) operations in Morse (co)homology (see [3]). Similarly, let Σ be a Riemann surface with boundary ∂Σ and several asymptotic ends. More exactly, assume that Σ is an open subset of a complex plane with m + k cylindrical ends Σ_j, i.e. subsets that are for fixed R > 0 the images of injective holomorphic mappings

ϕ_i : (−∞, R] × [0, 1] → Σ, i = 1, . . . , m; ϕ_j : [R, +∞) × [0, 1] → Σ, j = m + 1, . . . , m + k and let Σ_0 := Σ \ ∪^{m+k}_{j=1} Σ_j be homeomorphic to a disc. Then the equations (3) for u : Σ → T^∗M, u(∂Σ) ⊂ 0_M define (co)homological operation in Floer (co)homology.

For simplicity, let us describe the construction for m = 2 in Morse case in more details. In this case Γ is a tree with three edges. We identify two edges e_1, e_2 with (−∞, 0] and one e_3 with [0, +∞). Let f_1, f_2, f_3 be Morse functions on M and let g_i := −f_i. Consider the mapping I : T → M such that γ_i := I|_{ei} , i = 1, 2, 3, are the solutions of

dγ_i

ds = −∇(g_i)(γ_i) γ_i(−∞) = p_i, i = 1, 2 γ_3(+∞) = p_3. (6) Here p_i are critical points of g_i. If we denote by ⃗g = (g_1, g_2, g_3), ⃗p = (p_1, p_2, p_2) and by M(⃗p, ⃗g) solutions of (6) then

M(⃗p, ⃗g) = W^u(g_1, p_1) ∩ W^u(g_2, p_2) ∩ W^s(g_3, p_3)

where W^u(g, p) (respectively W^s(g, p)) denotes the unstable (respectively stable) manifold of a critical point p of a Morse function g. For generic choices M(⃗p, ⃗g) is a smooth manifold, and for the appropriate choice of Morse indices it is zero dimensional. Denote by n(⃗p, ⃗g) the number of solutions of (6) (i.e. the cardinality of M(⃗p, ⃗g)) mod 2. Let us define Ψ_M by Ψ_M (⃗g) = ∑ ⃗p n(⃗p, ⃗g)p_1⊗p_2⊗p_3 ∈ CM_{n−k}(g_1)⊗CM_{n−l}(g_2)⊗CM_{n−(k+l)}(g_3).

Then

Ψ_M (⃗g) ∈ HM_{n−k}(g_1) ⊗ HM_{n−l}(g_2) ⊗ HM_{n−(k+l)}(g_3).

Let [a_1] ∈ HM^k(f_1) ∼= HM^{n−k}(g_1) and [a_2] ∈ HM^l(f_2) ∼= HM^{n−l}(g_2) be cohomological class of a_1 ∈ CM^k(f_1), a_2 ∈ CM^l(f_2). Then there exist a contraction ⟨a_1 ⊗ a_2, Ψ_M (⃗g)⟩ ∈ CM_{n−(k+l)}(g_3).

Now we define

[a_1] ∪_M [a_2] := [σ_{f3} (⟨a_1 ⊗ a_2, Ψ_M (⃗g)⟩)] ∈ HM^{k+l}(f_3).

Using cobordism arguments, one can show that this definition does not depend on the choice of cycles a_1 and a_2 within the same cohomological classes. Similar construction gives rise to cup product ∪_F in Floer cohomology (see [18] for the details).

Denote the general (for arbitrary m) operations defined in this way by O_M and O_F . It turns out that then the diagram

HF^{k1} (H_1) ⊗ . . . ⊗ HF^{km} (H_m)^{OF}−→ HF^{k1+...+km} (H_{m+1}) Ψ_1 ⊗ . . . ⊗ Ψ_m ↑ Ψ_{m+1} ↑

HM^{k1} (f_1) ⊗ . . . ⊗ HM^{km} (f_m)^{OM}−→ HM^{k1+...+km} (f_{m+1}).

commutes [12].

For m = 2 the above diagram becomes

HF^k(H_1) ⊗ HF^l(H_2)^{∪F}−→ HF^{k+l}(H_3) τ_1 ⊗ τ_2 ↑ τ_3 ↑ HM^k(f_1) ⊗ HM^l(f_2)^{∪M}−→ HM^{k+l}(f_3).

The commutativity of this diagram was established in [22]. The proofs of the above facts are based on the detailed analysis of spaces of intersections of solutions of (2) on graphs and (3) on Riemann surfaces, in certain moduli spaces. More precisely, the reasons behind the commutativity of the above diagrams is certain regularity of divergence of sequences of mappings

γ_i : (−∞, 0] → M, i = 1, . . . , m, γ_j : [0, +∞) → M, j = m + 1, . . . , m + k and u : Σ → T^∗M such that u_j := u ∘ ϕ_j and γ_j are solutions of the system

dγ_j

dt = ∇f_j(γ_j)

∂u_j

∂s + J^{∂uj}_{∂t} = JX_ρ(u), j = 1, . . . , m

∂u_j

∂s + J^{∂uj}_{∂t} = JX_{ρ̃}(u), j = m + 1, . . . , k [_{∂u} ∂s + J^{∂uj}_{∂t} ] Σ_0 = 0 u(∂Σ) ⊂ 0_M γ_j (−∞) = p_j, j = 1, . . . m, γ_j(+∞) = p_j, j = m + 1, . . . m + k γ_j (0) = u_j (−∞, t), j = 1, . . . , m, γ_j (0) = u_j (+∞, t), j = m + 1, . . . , m + k,

where ρ is an auxiliary smooth function, equal to 1 on interval [−R, −2] and 0 outside interval (−R − 1, −1), and ρ̃(s) = ρ(−s)). Let M_R(⃗p, ⃗f, g; ⃗H, J) be the set of all solutions (γ_1, γ_2, · · · , γ_{m+k}, u) of this system. The detailed analysis of convergence in M_R(⃗p, ⃗f, g; ⃗H, J), based on Arzela–Ascoli theorem, Sobolev theory Gromov compactness is carried out in [6, 7, 9, 22]. The consequence of this analysis is that the topological boundary of every component M_R(⃗p, ⃗f, g; ⃗H, J) is the union od lower dimensional components. This conclusion gives rise to definitions of chain homotopy operators that establish the commutativity of the above diagrams (see [12]).

Acknowledgment. The author would like to thank the organizers of the 5th Summer School in Mathematical Physics 2008. for the invitation and hospitality.

References

[1] P. Albers, A Lagrangian Piunikin – Salamon – Schwarz morphism and two comparison homomorphisms in Floer homology, Int. Math. Res. Not., article ID rnm134, Research Notices, Vol. 2007, Article ID rnm134, 56 pages, doi:10.1093/imrn/rnm1 34, 2007.

[2] J.-F. Barrayd, O. Cornea, Homotopical dynamics in symplectic topology, Morse Theoretics Methods in Nonlinear Analysis and in Symplectic Topology, Springer, 2006, 109–148.

[3] M. Betz, R. L. Cohen, Graph moduli spaces and cohomology operations, Turkish Journal of Mathematics, 18 (1994), 23–41 [4] R. Bott, L. W. Tu, Differential Forms in Algebraic Topology, Springer–Verlag, 1986.

[5] A. Floer, Witten’s complex and infinite dimensional Morse theory, J. Diff. Geom., 30:207–221, 1989.

[6] J. Katić, Gluing and Piunikhin – Salamon – Schwarz isomorphism for Lagrangian Floer homology, Matematički Vesnik, 59, 211–228, 2007.

[7] J. Katić, Compactification of mixed moduli spaces in Morse–Floer theory, Rocky Mountain Journal of Mathematics, 38, No.3, 923–939, 2008.

[8] J. Katić, M.S. Thesis (in Serbian), University of Belgrade, 2004. [9] J. Katić, Ph.D. Thesis (in Serbian), University of Belgrade, 2008. [10] J. Katić, D. Milinković, Piunikhin-Salamon-Schwarz isomorphism for Lagrangian intersections, Differential Geometry and its Applications 22 (2005) 215–227 [11] J. Katić, D. Milinković, Topological invariants of smooth manifolds via Classical Mechanics and Cauchy - Reimann operator, Proceedings of 4th Summer School in Modern Mathematical Physics, Sveske fizičkih nauka, XX (A1), Institute of Physics, Belgrade, 2007, 263–273 [12] J. Katić, D. Milinković, T. Simčević, Isomorphism between Morse and Lagrangian Floer cohomology ring, to appear in Rocky Mountain Journal of Mathematics [13] R. Leclercq, Spectral invariants in Lagrangian Floer theory, Journal of Modern Dynamics, Volume: 2, Number: 2, 249–286, 2008.

[14] D. McDuff, D. Salamon, Introduction to Symplectic Topology, 2nd edition, Oxford Mathematical Monographs, 1998.

[15] D. Milinković, Morse homology for generating functions of Lagrangian submanifolds, Transactions of the American Mathematical Society, Vol. 351, No. 10, (1999), 3953–3974.

[16] D. Milinković, Floer homology in Quantum Field Theory and Classical Mechanics, Proceedings of 3rd Summer School in Modern Mathematical Physics, Sveske fizičkih nauka, XVIII (A1), Institute of Physics, Belgrade, 2005, 439–444.

[17] D. Milinković, Z. Petrović, Generalized (co)homology and Morse complex, Matematički Vesnik 59 (2007), 153–160.

[18] Y.-G. Oh, Symplectic topology as the geometry of action functional II – pants product and cohomological invariants, Comm. Anal. Geom. 7 (1999), 1–55.

[19] S. Piunikhin, D. Salamon, M. Schwarz, Symplectic Floer–Donaldson theory and quantum cohomology, in: Contact and symplectic geometry, Publ. Newton Instit. 8, Cambridge Univ. Press, Cambridge, 1996, pp. 171–200.

[20] J. Robbin, D. Salamon, The Maslov index for paths, Topology 32 (1993), 827–844. [21] J. Robbin, D. Salamon, The spectral flow and the Maslov index, Bull. London Math. Soc. 27 (1995), 1–33.

[22] T. Simčević, M.S. Thesis (in Serbian), University of Belgrade, 2007.