On certain classes of algebraic curvature tensors^∗

Vladica Andrejić^† Faculty of Mathematics, University of Belgrade Studentski trg 16, p.o. box 550, 11 001 Belgrade, SERBIA

Abstract

In this text we deal with Rakić duality principle. We search for a connection between Osserman and Rakić curvature tensor. We prove that 3-dimensional Rakić is Osserman. We investigate Rakić duality using Fiedler’s skew-symmetric decomposition, and prove that Osserman curvature tensor with constant Fiedler’s signs is Rakić.

1. Introduction

Let us begin with the basic notation and terminology which are used throughout this work. Let R be an algebraic curvature tensor on a vector space V equipped with an indefinite metric g of the signature (ν, n − ν). The sign ε_X = g(X, X) denotes the norm of X ∈ V, and it determines various types of vectors. We say that X ∈ V is timelike (if ε_X < 0), spacelike (ε_X > 0), null (ε_X = 0), nonnull (ε_X ≠ 0), or unit (ε_X ∈ {−1, 1}). The curvature operator R is connected with R via equation R(X, Y, Z, W ) = g(R(X, Y )Z, W ). If (E_1, E_2, ..., E_n) is an orthonormal basis of V, then we use short notations ε_i = ε_{Ei} and R_{ijkl} = R(E_i, E_j , E_k, E_l). For the initial definitions and deeper explanations of this topic, the reader can consult Gilkey’s books [9, 10].

The Jacobi operator J_X : V → V is a natural operator defined by J_X (Z) = R(Z, X)(X) for all Z ∈ V. In the case of nonnull X ∈ V, J_X preserves nondegenerate hyperspace {X}^⊥ = {Y ∈ V : X ⊥ Y }, and we have the reduced Jacobi operator J̃_X : {X}^⊥ → {X}^⊥, given by J̃_X = J_X |_{{X}}⊥ .

We say that R is an Osserman curvature tensor if the characteristic polynomial of J_X is constant on both pseudo-spheres, in particular on positive (ε_X = 1) and negative (ε_X = −1) one. In a pseudo-Riemannian setting,

∗ This work is partially supported by the Serbian Ministry of Science and Technological Development, project No. 144032D.

† e-mail address: andrew@matf.bg.ac.rs Mathematical Subject Classification 2000: 53B30, 53C50.

Key words and phrases: Rakić duality principle, pseudo-Riemannian manifold, Osserman algebraic curvature tensor, Fiedler’s skew-symmetric tensor. 43

Jordan normal form plays a crucial role, since characteristic polynomial does not determine the eigen-structure of a symmetric linear operator. We say that R is a Jordan Osserman curvature tensor if the Jordan normal form of J_X is constant on both pseudo-spheres. An Osserman curvature tensor, whose Jacobi operator J_X is diagonalizable for all nonnull X, we call diagonalizable Osserman.

In the Riemannian setting (ν = 0), it is known that a local two-point homogeneous space (flat or locally rank one symmetric space) has a constant characteristic polynomial on the unit sphere bundle. Osserman wondered if the converse held [15], and this question has been called the Osserman conjecture by subsequent authors. During the solution of some particular cases of the conjecture, the implication

J_X (Y ) = λY ⇒ J_Y (X) = λX (1)

appeared naturally, and if it holds, it can significantly simplify some calculations. The first results in this topic are given by Chi [7], who proved the conjecture in the cases of dimensions n ≠ 4k, k > 1. In his work he used the fact that (1) holds for extremal eigenvalues λ of the Jacobi operator. Rakić [16] proved the correctness of (1) for every eigenvalue λ of the Jacobi operator, and this statement has been called Rakić duality principle [9]. After that, Rakić duality is reproved by Gilkey [9], and it become a beneficial tool for the solution of the conjecture. Moreover, the best results in this topic gave Nikolayevsky [12, 13, 14], who used Rakić duality [13] to prove Osserman conjecture in all dimensions, except some possibilities in dimension n = 16.

The variant of the Osserman conjecture has been appeared in a pseudo- Riemannian setting. For example, in the Lorentzian setting (ν = 1), an Osserman manifold necessarily has a constant sectional curvature [5]. Observation of Osserman manifolds in the signature (2, 2) become very popular, and it is worth noting results from [6], which are based on the discussion of possible Jordan normal forms of the Jacobi operator.

This is why we start to investigate the duality principle for Osserman curvature tensor in a pseudo-Riemannian setting. In a pseudo-Riemannian setting, the implication (1) looks inaccurate, and therefore we corrected it in the following way [1, 4].

Definition 1 (Rakić duality) We say that a curvature tensor R satisfies Rakić duality for the value λ, if for all mutually orthogonal units X, Y ∈ V holds J_X (Y ) = ε_X λY ⇒ J_Y (X) = ε_Y λX. (2)

We say that R is Rakić if it satisfies Rakić duality for all λ ∈ R.

The Rakić duality for Osserman curvature tensor works nicely for every known example, which motivated us to post the following conjecture.

Conjecture 1 Osserman pseudo-Riemannian curvature tensor is Rakić.

Unfortunately we failed to prove this conjecture in general. In our previous work we gave the affirmative answer only for the conditions of small index (ν ≤ 1) [1, 4], low dimension (n ≤ 4) [1, 4, 3], and some possibilities with small numbers of eigenvalues of the reduced Jacobi operator [2]. Seeing that Rakić property is natural for Osserman curvature tensor (at least in the Riemannian setting), one can ask if the converse held. Conjecture 2 Rakić pseudo-Riemannian curvature tensor is Osserman.

2. Three-dimensional case In this section we deal with three-dimensional Rakić pseudo-Riemannian curvature tensor. Let us start with the following universal lemma.

Lemma 1 If J_X (Y ) = ε_X λY and J_Y (X) = ε_Y λX, then for all α, β ∈ R holds J_{αX+βY} (ε_Y βX − ε_X αY ) = ε_{αX+βY} λ(ε_Y βX − ε_X αY ).

Proof. This lemma is a consequence of the straightforward calculations. J_{αX+βY} (ε_Y βX − ε_X αY )

= R(ε_Y βX − ε_X αY, αX + βY )(αX + βY ) = R(ε_Y βX, βY )(αX + βY ) + R(−ε_X αY, αX)(αX + βY ) = −ε_Y αβ^2J_X (Y ) + ε_Y β^3J_Y (X) − ε_X α^3J_X (Y ) + ε_X α^2βJ_Y (X) = β(ε_X α^2 + ε_Y β^2)J_Y (X) − α(ε_X α^2 + ε_Y β^2)J_X (Y ) = (ε_X α^2 + ε_Y β^2)(βε_Y λX − αε_X λY ) = ε_{αX+βY} λ(ε_Y βX − ε_X αY ) □ Let us investigate Conjecture 2 for low dimension n = 3. It is known that three-dimensional Einstein (consequently it holds for Osserman) curvature tensor necessarily has constant sectional curvature.

Theorem 1 Three-dimensional Rakić curvature tensor is of constant sectional curvature.

Proof. In order to apply Rakić property we need to show that there is a pair (X, Y ) of mutually orthogonal units, where Y is an eigenvector of J_X . Let (E_1, E_2, E_3) be an arbitrary orthonormal basis of V, such that ε_1 = ε_2. The matrix of the Jacobi operator J_{E3} is

J_{E3} =

( ε_1R_{1331} ε_1R_{2331} 0 ε_2R_{1332} ε_2R_{2332} 0 0 0 0 ) ,

and therefore its reduced Jacobi operator J̃_{E3} has characteristic polynomial

x^2 − (ε_1R_{1331} + ε_2R_{2332})x + ε_1ε_2R_{1331}R_{2332} − ε_1ε_2R_{2331}R_{1332} = 0.

Let D be a discriminant of the previous quadratic equation, then

D = (ε_1R_{1331} + ε_2R_{2332})^2 − 4ε_1ε_2R_{1331}R_{2332} + 4ε_1ε_2(R_{1332})^2.

Because of ε_1 = ε_2, we have ε_1ε_2 = (ε_1)^2 = 1, and thus

D = (ε_1R_{1331} − ε_2R_{2332})^2 + 4(R_{1332})^2 ≥ 0.

If D > 0 then our quadratic equation has two distinct real roots, which represents two distinct eigenvalues of J̃_{E3} , and hence there are two (nondegenerate) one-dimensional eigenspaces. Otherwise, D = 0 gives ε_1R_{1331} = ε_2R_{2332} and R_{1332} = 0. Thus J̃_{E3} is diagonal with double root which is associated with a two-dimensional eigenspace.

The previous text proved that there exists an orthonormal basis (X, Y, Z), such that Y and Z are eigenvectors of J_X . Consequently, by Rakić duality, X is an eigenvector of J_Y . The conditions of Lemma 1 hold, and hence ε_Y βX − ε_X αY is an eigenvector of J_{αX+βY} . Moreover, for α, β ∈ R such that α^2ε_X + β^2ε_Y ≠ 0, both αX + βY and ε_Y βX − ε_X αY are mutually orthogonal and nonnull. The Jacobi operator is symmetric linear operator and therefore

g(J_{αX+βY} (Z), ε_Y βX − ε_X αY ) = g(Z, J_{αX+βY} (ε_Y βX − ε_X αY )) = 0.

Hence J_{αX+βY} (Z) is orthogonal to both ε_Y βX − ε_X αY and αX + βY , which gives J_{αX+βY} (Z) ⊥ Span{X, Y } = Span{Z}^⊥, and consequently Z is an eigenvector of J_{αX+βY} . According to Rakić duality, αX + βY is an eigenvector of J_Z , which is possible only if Span{X, Y } is a two-dimensional eigenspace of J̃_Z . Similarly one can prove that Span{X, Z} is an eigenspace of J̃_Y . Thus arise

R(X, Y, Y, X) ε_X ε_Y = R(Y, Z, Z, Y ) ε_Y ε_Z = R(X, Z, Z, X) ε_X ε_Z

= κ,

and R(Y, X, X, Z) = R(X, Y, Y, Z) = R(X, Z, Z, Y ) = 0, which obviously completely describes R, and therefore R has constant sectional curvature κ. □

3. Rakić duality and Fiedler’s tensor In this section we try to describe Rakić duality property. Let (E_1, ..., E_n) be an arbitrary orthonormal basis of the vector space V of the signature (ν, n − ν). Let us start with the left hand side of the equation (2),

J_X (Y ) = ε_X λY. (3)

The equation (3) means that Y is an eigenvector of J_X for the eigenvalue ε_X λ. The Jacobi operator can be expressed using the curvature tensor on the following way

J_X (Y ) = R(Y, X)X = ∑ l ε_lR(Y, X, X, E_l)E_l.

If we set nonnull X = ∑ i α_iE_i and Y = ∑ i β_iE_i, the equation (3) become ∑ i,j,k,l

ε_lβ_iα_j α_kR_{ijkl}E_l = ε_X λ ∑ l β_lE_l,

and finally (∀l) ∑ i,j,k

ε_lβ_iα_jα_kR_{ijkl} = ε_X λβ_l.

According to work of Fiedler [8], and later development by Gilkey [8, 9], for every algebraic curvature tensor R, there exist finite numbers of skewsymmetric tensors Ω of order 2 (i.e. the coordinates of Ω satisfy Ω_{ij} = −Ω_{ji}), such that R has a representation

R_{ijkl} = ∑ Ω ε_Ω 1 3 (2Ω_{ij} Ω_{kl} + Ω_{ik}Ω_{jl} − Ω_{il}Ω_{jk}) ,

with ε_Ω ∈ {−1, 1}. Using this fact the equation (3) is equivalent to

(∀l) ∑ Ω ∑ i,j,k 1 3 ε_Ωε_lβ_iα_j α_k (2Ω_{ij} Ω_{kl} + Ω_{ik}Ω_{jl} − Ω_{il}Ω_{jk}) = ε_X λβ_l.

We can simplify the previous formula using the symmetry by j and k. ∑ i,j,k

β_iα_j α_kΩ_{ik}Ω_{jl} = ∑ i,k,j

β_iα_kα_j Ω_{ij}Ω_{kl} = ∑ i,j,k

β_iα_j α_kΩ_{ij}Ω_{kl} ∑ i,j,k

β_iα_j α_kΩ_{il}Ω_{jk} = ∑ i,k,j

β_iα_kα_jΩ_{il}Ω_{kj} = − ∑ i,j,k

β_iα_j α_kΩ_{il}Ω_{jk} = 0

Therefore the equation (3) is equivalent to

(∀l) ∑ Ω ∑ i,j,k

ε_Ωε_lβ_iα_j α_kΩ_{ij}Ω_{kl} = ε_X λβ_l.

Let us split sums on the left hand side

(∀l) ∑ Ω ε_Ωε_l ∑ i,j α_iβ_j Ω_{ij} ∑ k α_kΩ_{kl} = −ε_X λβ_l.

If we introduce the short notation

Θ^Ω_{P Q} = ∑ i,j μ_iν_jΩ_{ij} ,

for P = ∑ i μ_iE_i and Q = ∑ j ν_jE_j , the equation (3) become equivalent to

(∀l) ∑ Ω ε_ΩΘ^Ω_{XY} Θ^Ω_{XEl} = −ε_lε_X λβ_l. (4)

Using (3) ⇔ (4) and Θ^Ω_{Y X} = −Θ^Ω_{XY} , we get the equivalent form of Rakić duality condition (2)

(∀l) ∑ Ω ε_ΩΘ^Ω_{XY} Θ^Ω_{XEl} = −ε_lε_X λβ_l ⇒ (∀l) ∑ Ω ε_ΩΘ^Ω_{XY} Θ^Ω_{Y El} = ε_lε_Y λα_l. (5) Let us sum all n equations (1 ≤ l ≤ n) from (4) multiplied by β_l ∑ l β_l ∑ Ω ε_ΩΘ^Ω_{XY} Θ^Ω_{XEl} = − ∑ l β_lε_lε_X λβ_l,

After the substitutions ∑ l β_lΘ^Ω_{XEl} = Θ^Ω_{XY} and ∑ l ε_lβ^2_l = ε_Y we get important equation. ∑ Ω ε_Ω(Θ^Ω_{XY} )^2 = −ε_X ε_Y λ. (6)

Let us stop here to notice the following interesting statements in the case when Fiedler’s terms have a constant signs, i.e. ε_Ω = const.

Theorem 2 If R is a curvature tensor with ε_Ω = const, then it satisfies Rakić duality for the value 0.

Proof. If the sign ε_Ω is constant for all skew-symmetric tensors Ω in the sense of Fiedler, then the equation (6) gives 0 ≤ ∑ Ω (Θ^Ω_{XY} )^2 = −ε_Ωε_X ε_Y λ.

The value λ = 0 gives ∑ Ω(Θ^Ω_{XY} )^2 = 0 and therefore Θ^Ω_{XY} = 0 for all Ω.

The formula (5) obviously holds and R satisfies Rakić duality for the value 0. □

Theorem 3 A diagonalizable Osserman curvature tensor R with ε_Ω = const is Rakić.

Proof. Like the previous proof, the equation (6) with ε_Ω = const gives 0 ≤ −ε_Ωε_X ε_Y λ. Since by Theorem 2, R satisfies Rakić duality for the value 0, we set λ ≠ 0, and therefore ε_Ωε_X ε_Y λ < 0. It implies the constant sign of ε_Y , which proves that an eigenspace of J_X for an eigenvalue ε_X λ has the same type of vectors. Especially, there are no nonzero null vectors in the eigenspace of J_X for an eigenvalue ε_X λ. According to our previous work [1, 4], diagonalizable Osserman curvature tensor, such that J_X has no null eigenvector for an eigenvalue ε_X λ, satisfies the duality principle for the value λ, which completes the proof. □

The diagonalizability from Theorem 3 is a natural condition. Let us remark that, according to Gilkey and Ivanova [11], Jordan Osserman curvature tensor of a non-balanced signature (n ≠ 2ν) is necessarily diagonalizable.

References

[1] V.Andrejić, Contribution to the theory of pseudo-Riemannian Osserman manifolds (in Serbian), Master thesis, Belgrade, 2006.

[2] V.Andrejić, Quasi-special Osserman manifolds, Preprint, 2008. [3] V. Andrejić Strong duality principle for four-dimensional Osserman manifolds, Preprint 2009.

[4] V.Andrejić, Z.Rakić, On the duality principle in pseudo-Riemannian Osserman manifolds, J. Geom. Phys. 57 (2007), 2158–2166.

[5] N.Blažić, N.Bokan, P.Gilkey A Note on Osserman Lorentzian manifolds, Bull. London Math. Soc. 29 (1997), 227–230.

[6] N.Blažić, N.Bokan, Z.Rakić Osserman Pseudo-Riemannian Manifolds of Signature (2,2), J. Austral. Math. Soc. 71 (2001), 367–395.

[7] Q.Chi, A curvature characterization of certain locally rank-one symmetric spaces, J. Diff. Geom. 28 (1988), 187–202.

[8] B.Fiedler, Determination of the structure of algebraic curvature tensors by means of Young symmetrizers, Séminaire Lotharingien de Combinatoire 48 (2003), Article B48d.

[9] P.Gilkey, Geometric Properties of Natural Operators Defined by the Riemann Curvature Tensor, World Scientific, 2001.

[10] P. Gilkey, The geometry of curvature homogeneous pseudo- Riemannian manifolds, Imperial College Press, 2007.

[11] P.Gilkey, R.Ivanova, Spacelike Jordan Osserman algebraic curvature tensors in the higher signature setting, Differential Geometry, Valencia 2001, World Scientific (2002), 179–186.

[12] Y.Nikolayevsky Osserman manifolds of dimension 8, Manuscripta Math. 115 (2004), 31–53.

[13] Y.Nikolayevsky Osserman conjecture in dimension n ≠ 8, 16, Math.

Ann. 331 (2005), 505–522.

[14] Y.Nikolayevsky On Osserman manifolds of dimension 16, Contemporary Geometry and Related Topics, Proc. Conference, Belgrade (2006), 379–398.

[15] R.Osserman, Curvature in the eighties, Amer. Math. Monthly 97 (1990), 731–756.

[16] Z.Rakić On duality principle in Osserman manifolds, Linear Algebra Appl. 296 (1999), 183–189.