Three Lectures on Electric – Magnetic Duality

Paolo Aschieri^{1,2,3, ∗} 1 Centro Studi e Ricerche “Enrico Fermi” Compendio Viminale, 00184 Roma, ITALY 2 Dipartimento di Scienze e Tecnologie Avanzate, Università del Piemonte Orientale, 3 INFN, Sezione di Torino, gruppo collegato di Alessandria Via Bellini 25/G, 15100 Alessandria, ITALY

Sergio Ferrara^{4,5,6, †} 4 Physics Department,Theory Unit, CERN, CH 1211, Geneva 23, SWITZERLAND 5 INFN - Laboratori Nazionali di Frascati, Via Enrico Fermi 40, I-00044 Frascati, ITALY 6 Department of Physics and Astronomy, University of California, Los Angeles, CA USA

Bruno Zumino^{7,8, ‡} 7 Department of Physics, University of California Los Angeles, CA USA 8 Theoretical Physics Group, Bldg. 50A5104, Lawrence Berkeley National Laboratory, Berkeley, CA 94720 USA

Abstract

Duality rotations in nonlinear electromagnetism are presented and basic examples reviewed. We then describe the nontrivial example of Born-Infeld theory with n abelian gauge fields and with Sp(2n, R) self-duality. The central role of duality symmetry in four dimensional extended supergravity theories is explained and explicitly illustrated in two examples (N = 4 and N = 8 supergravities). Duality rotations in N = 2 supergravities are also discussed.

∗ e-mail address: aschieri@to.infn.it † e-mail address: sergio.ferrara@cern.ch ‡ e-mail address: bzumino@lbl.gov 1

1 Introduction

The invariance of Maxwell’s equations under rotation of electric field into magnetic field is also shared by other electromagnetic theories, nonlinear (like Born-Infeld electromagnetism), with more than one gauge field, in interaction with scalar fields, with spinor fields and with gravity. The emergence of this duality symmetry in extended supergravity theories [1, 2, 3] led to develop the general theory of duality invariance with abelian gauge fields coupled to fermionic and bosonic matter [4, 5]. Since then, on one hand the duality symmetry of extended supergravity theories has been extensively investigated [6, 7, 8, 9]; on the other hand examples of nonlinear Born-Infeld type lagrangians with electric-magnetic duality have been presented, in the case of one abelian gauge field [10, 11, 12, 13, 14] and in the case of many abelian gauge fields [15, 16, 17, 18]. Their supersymmetric generalizations have been considered in [19, 20] and with different scalar couplings and noncompact duality group in [15, 16, 21, 22, 23].

Duality symmetry can also be generalized to arbitrary even dimensions by using antisymmetric tensor fields such that the rank of their field strengths equals half the dimension of space-time, see [24, 25], and [28, 9, 29, 26, 14, 16, 22, 23].

Duality symmetries arise in many contexts. In superstring theory or M theory electricmagnetic dualities can arise from many sources, namely S-duality, T -duality or a combination thereof called U-duality [27]. From the point of view of a four dimensional observer such dualities manifest as some global symmetries of the lowest order Euler- Lagrange equations of the underlying four dimensional effective theory. Notice that duality rotation symmetries can be further enhanced to local symmetries (gauging of duality groups). The corresponding gauged supergravities appear as string compactifications in the presence of fluxes and as generalized compactifications of (ungauged) higher dimensional supergravities.

Electric-Magnetic duality is also the underlying symmetry which encompasses the physics of extremal black holes and of the “attractor mechanism” [30, 31, 32] (for recent reviews on the attractor mechanism see [33, 34, 35]). Here the Bekenstein-Hawking entropy-area formula S = A/4 is directly derived by the evaluation of a certain black hole potential V_{BH} at its attractive critical points [36]

S = π V_{BH} |_C

where the critical points C satisfy ∂V_{BH} |_C = 0. The potential V_{BH} is a quadratic invariant of the duality group; it depends on both the matter and the gauge fields configuration. In extended supersymmetries with N ≥ 2, the entropy S can also be computed via a certain duality invariant combination of the magnetic and electric charges p, q of the fields configuration, see [37, 38] for all the N > 2 cases and [39] for the N = 2 case.

These three lectures begin with a pedagogical introduction to U(1) duality rotations in nonlinear theories of electromagnetism. The basic aspects of duality symmetry are already present in this simple case with just one abelian gauge field: the hamiltonian is invariant, the lagrangian is not invariant but must transform in a well defined way. The Born-Infeld theory (relevant in describing the low energy effective action of D-branes in open string theory) is the main example of duality invariant nonlinear theory.

We next recall the general theory [4, 40] with many abelian gauge fields interacting with bosonic and fermionic matter. The maximal symmetry group in a theory with n abelian gauge fields includes Sp(2n, R). If there are no scalar fields the maximal symmetry group is U(n). The geometry of the symmetry transformations on the scalar fields is that of the coset space Sp(2n, R)/U(n). The kinetic term for the scalar fields is constructed by using this coset space geometry. The Born-Infeld lagrangian with n abelian gauge fields and Sp(2n, R) duality symmetry [16] is then presented. Its duality symmetry is proven by first considering duality rotations with complex field strengths and a Born-Infeld lagrangian with U(n, n) self-duality. This latter theory is per se interesting, the scalar fields span the coset space U(n, n)/[U(n) × U(n)], and in the case n = 3 this is the coset space of the scalars of N = 3 supergravity with 3 vector multiplets. This Born-Infeld lagrangian is then a natural candidate for the nonlinear generalization of N = 3 supergravity.

In Section 4, following [40], we first apply the general theory of duality rotations to supergravity theories with N > 2 supersymmetries. In these supersymmetric theories the duality group is always a subgroup G of Sp(2n, R), where G is the isometry group of the sigma model G/H of the scalar fields. Much of the geometry underlying these theories is in the (local) embedding of G in Sp(2n, R). The supersymmetry transformation rules, the structure of the central and matter charges and the duality invariants associated to the entropy and the potential of extremal black holes configurations are all expressed in terms of the embedding of G in Sp(2n, R) [9]. We thus present a unifying formalism. This formalism is based on sections of a symplectic bundle and holds also in the general N = 2 case where the scalar manifold is no more a coset space but a special Kähler manifold. We explicitly construct the symplectic bundles (vector bundles with a symplectic product on the fibers) associated to the N > 2 supergravity theories, and prove that they are topologically trivial; this is no more the case for generic N = 2 supergravities. In this case duality symmetry is needed to globally define the theory. It is not a symmetry of the equation of motions but rather a gauge symmetry with constant Sp(2n, R) gauge transformations.

2 U(1) gauge theory and duality symmetry

Maxwell theory is the prototype of electric-magnetic duality invariant theories. In vacuum the equations of motion are

∂_μF^{μν} = 0 , ∂_μF̃^{μν} = 0 , (2.1)

where F̃^{μν} ≡^1_2 ϵ^{μνρσ} F_{ρσ}. They are invariant under rotations (^F_{F̃} ) → (^{cos α}_{sin α}^{−sin α}_{cos α} )(^F_{F̃} ), or

using vector notation under rotations (^E_B) → (^{cos α}_{sin α}^{−sin α}_{cos α} )(^E_B). This rotational symmetry, called duality symmetry, and also duality invariance or self-duality, is reflected in the invariance of the hamiltonian H =^1_2 (E^2 + B^2), notice however that the lagrangian L =^1_2 (E^2 − B^2) is not invariant. This continuous symmetry is not an internal symmetry because it rotates a tensor into a pseudotensor, however Poincaré Lie algebra transformations and SO(2) Lie algebra ones commute, and this is so also for finite transformations belonging to the connected component SL(2, C) of the Poincaré group and to SO(2).

We study this symmetry for more general electromagnetic theories. In this section and the next one conditions on the lagrangians of (nonlinear) electromagnetic theories will be found that guarantee the duality symmetry (self-duality) of the equations of motion.

The key mathematical point that allows to establish criteria for self-duality, thus avoiding the explicit check of the symmetry at the level of the equation of motions, is that the equations of motion (a system of PDEs) can be conveniently split in a set of equations that is of degree 0 (no derivatives on the field strengths F ), the so-called constitutive relations (see e.g. (2.5), or (2.8)), and another set of degree 1 (see e.g. (2.2), (2.3) or (2.9), (2.10)). Duality rotations act as an obvious symmetry of the set of equations of degree 1, so all what is left is to check that they act as a symmetry on the set of equations of degree 0. It is therefore plausible that this check can be equivalently formulated as a specific transformation property of the lagrangian under duality rotations (and independent from the spacetime dependence F_{μν} (x) of the fields), indeed both the lagrangian and the equations of motions of degree 0 are functions of the field strength F and not of its derivatives.

21. Duality symmetry in nonlinear electromagnetism Maxwell equations read

∂_tB = −∇ × E , ∇ · B = 0 (2.2) ∂_tD = ∇ × H , ∇ · D = 0 (2.3)

they are complemented by the relations between the electric field E, the magnetic field H, the electric displacement D and the magnetic induction B. In vacuum we have

D = E , H = B . (2.4)

In a nonlinear theory we still have the equations (2.2), (2.3), but the relations D = E, H = B are replaced by the nonlinear constitutive relations

D = D(E, B), H = H(E, B) (2.5)

(if we consider a material medium with electric and magnetic properties then these equations are the constitutive relations of the material, and (2.2) and (2.3) are the macroscopic Maxwell equations).

Equations (2.2), (2.3), (2.4) are invariant under the group of general linear transformations � B^′ D^′ � = � A B C D � � B D � , � E^′ H^′ � = � A B C D � � E H � . (2.6)

We study under which conditions also the nonlinear constitutive relations (2.5) are invariant. We find constraints on the relations (2.5) as well as on the transformations (2.6).

We are interested in nonlinear theories that admit a lagrangian formulation so that relativistic covariance of the equations (2.2), (2.3), (2.5) and their inner consistency is automatically ensured. This requirement is fulfilled if the constitutive relations (2.5) are of the form D = ∂L(E, B) ∂E , H = −

∂L(E, B) ∂B , (2.7)

where L(E, B) is a Poincaré invariant function of E and B. Indeed if we consider E and B depending on a gauge potential A_μ and vary the lagrangian L(E, B) with respect to A_μ, we recover (2.2), (2.3) and (2.7). This property is most easily shown by using four component notation. We group the constitutive relations (2.7) in the constitutive relation^1 G̃^{μν} = 2∂L(F )

∂F_{μν}

; (2.8)

we also define G_{μν} = −^1_2 ϵ_{μνρσ}G̃^{ρσ}, so that G̃^{μν} =^1_2 ϵ^{μνρσ}G_{ρσ} (ϵ^{0123} = −ϵ_{0123} = 1). If we consider the field strength F_{μν} as a function of a (locally defined) gauge potential A_μ, then equations (2.2) and (2.3) are respectively the Bianchi identities for F_{μν} = ∂_μA_ν − ∂_ν A_μ and the equations of motion for L(F (A)),

∂_μF̃^{μν} = 0 , (2.9)

∂_μG̃^{μν} = 0 . (2.10)

In our treatment of duality rotations we study the symmetries of the equations (2.9), (2.10) and (2.8). The lagrangian L(F ) is always a function of the field strength F ; it is not seen as a function of the gauge potential A_μ; accordingly the Bianchi identities for F are considered part of the equations of motions for F . Finally we consider an action S = � L d^4x with lagrangian density L = L(F ) that depends on F but not on its partial derivatives; it also depends on a spacetime metric g_{μν} that we generally omit writing explicitly^2, and on at least one dimensionful constant in order to allow for nonlinearity in the constitutive relations (2.8) (i.e. (2.5)). We set this dimensionful constant to 1. The duality rotations (2.6) read � F^′ G^′ � = � A B C D � � F G � . (2.11)

Since by construction equations (2.9) and (2.10) are invariant under (2.11), these duality rotations are a symmetry of the system of equations (2.9), (2.10), (2.8) (or (2.2), (2.3), (2.5)), iff on shell the constitutive relations are invariant in form, i.e., iff the functional dependence of G̃^′ from F^′ is the same as that of G̃ from F , i.e. iff

G̃^{′μν} = 2∂L(F^′) ∂F^′_{μν}

, (2.12)

where F^′_{μν} and G^′_{μν} are given in (2.11). This is the condition that constrains the lagrangian L(F ) and the rotation parameters in (2.11). This condition has to hold on shell of (2.8)-(2.10); however (2.12) is not a differential equation and therefore has to hold just using (2.8), i.e., off shell of (2.9) and (2.10) (indeed if it holds for constant field strengths F then it holds for any F ).

1a practical convention is to define^{∂Fρσ}_{∂Fμν} = δ^μ_ρ δ^ν_σ rather than^{∂Fρσ}_{∂Fμν} = δ^μ_ρ δ^ν_σ − δ^ν_ρ δ^μ_σ . This explains the factor 2 in (2.8).

2Notice that (2.9), (2.10) are also the equation of motions in the presence of a nontrivial metric. Indeed S = � L d^4x = � L √ gd^4x. The equation of motions are ∂μ( √ g F^{∗ μν} ) = ∂μF̃^{μν} = 0 , ∂μ( √ g G^{∗ μν} ) = ∂μG̃^{μν} = 0 , where the Hodge dual of a two form Ωμν is defined by Ω^∗_{μν} ≡ 1 2 √ g ϵμνρσ Ω^{ρσ} .

In order to study the duality symmetry condition (2.12) let (^{A B}_{C D}) = (^{1 0}_{0 1}) + ϵ(^{a b}_{c d}) + . . ., and consider infinitesimal GL(2, R) rotations G → G + ϵΔG, F → F + ϵΔF , Δ � F G � = � a b c d � � F G � , (2.13)

so that the duality condition reads

G̃ + ΔG̃ = 2∂L(F + ΔF ) ∂(F + ΔF)

. (2.14)

The right hand side simplifies to^3

∂L(F + ΔF ) ∂(F + ΔF) = ∂L(F + ΔF ) ∂F ∂F ∂(F + ΔF) = ∂L(F + ΔF ) ∂F − ∂L(F ) ∂F ∂(ΔF) ∂F then, using (2.13) and (2.8), condition (2.14) reads

cF̃ + dG̃ = 2

∂(L(F + ΔF ) − L(F )) ∂F − 2a

∂L(F ) ∂F − bG̃ δG ∂F . (2.15)

In order to further simplify this expression we write 2F̃ =^∂_{∂F} FF̃ and we factorize out the partial derivative^∂_{∂F} . We thus arrive at the equivalent condition

L(F + ΔF ) − L(F ) − c 4 FF̃ − b 4 GG̃ = (a + d)(L(F ) − L_{F=0}) . (2.16)

The constant term (a + d)L_{F=0}, nonvanishing for example in D-brane lagrangians, is obtained by observing that when F = 0 also G = 0.

Next use L(F +ΔF )−L(F ) =^{∂L(F )}_{∂F} ΔF =^1_2 aFG̃ +^1_2 bGG̃ in order to rewrite expression (2.16) as b 4 GG̃ − c 4 FF̃ = (a + d)(L(F ) − L_{F=0}) − a 2 FG̃ . (2.17)

If we require the nonlinear lagrangian L(F ) to reduce to the usual Maxwell lagrangian in the weak field limit, F^4 << F^2, i.e., L(F ) = L_{F=0} − 1/4 � F F d^4x + O(F^4), then G̃ = −F + O(F 3), and we obtain the constraint (recall that G̃ = −G)

b = −c , a = d ,

the duality group can be at most SO(2) rotations times dilatations. Condition (2.17) becomes b 4 � GG̃ + FF̃ � = 2a � L(F ) − L_{F=0} − 1 2 F ∂L ∂F � . (2.18)

3here and in the following we suppress the spacetime indices so that for example F G̃ = FμνG̃^{μν} ; notice that F G̃ = F̃ G, F̃ = −F , and F̃ G̃ = −F G where F G = F^{μν} Gμν .

The vanishing of the right hand side holds only if either L(F ) − L_{F=0} is quadratic in F (usual electromagnetism) or a = 0. We are interested in nonlinear theories; by definition in a nonlinear theory L(F ) is not quadratic in F . This shows that dilatations alone cannot be a duality symmetry. If we require the duality group to contain at least SO(2) rotations then GG̃ + FF̃ = 0 , (2.19)

and SO(2) is the maximal duality group. Relation (2.18) is nontrivially satisfied iff

a = d = 0 ,

and (2.19) hold.

In conclusion equation (2.19) is a necessary and sufficient condition for a nonlinear electromagnetic theory to be symmetric under SO(2) duality rotations, and SO(2) ⊂ GL(2, R) is the maximal connected Lie group of duality rotations of pure nonlinear electromagnetism^4.

This conclusion still holds if we consider a nonlinear lagrangian L(F ) that in the weak field limit F^4 << F^2 (up to an overall normalization factor) reduces to the most general linear lagrangian

L(F ) = L_{F=0} − 1 4 F F + 1 4 θF F̃ + O(F^4) .

In this case G = F̃ +θF +O(F^3). We substitute in (2.17) and obtain the two conditions (the coefficients of the scalar F^2 and of the pseudoscalar F F̃ have to vanish separately)

c = −b(1 + θ^2) , d − a = 2θb . (2.20)

The most general infinitesimal duality transformation is therefore � a b −b(1 + θ^2) a + 2θb � = � a + θb 0 0 a + θb � + Θ � 0 b −b 0 � Θ^{−1} (2.21)

where Θ = � 1 0 θ 1 � . We have dilatations and SO(2) rotations, they act on the vector � F G � via the conjugate representation given by the matrix Θ. Let’s now remove the

weak field limit assumtion F^4 << F^2. We proceed as before. From (2.12) (or from (2.17)) we immediately obtain that dilatations alone are not a duality symmetry of the nonlinear equations of motion. Then if SO(2) rotations are a duality symmetry we have that they are the maximal duality symmetry group. This happens if

GG̃ + (1 + θ)^2F F̃ = 2θF G̃ . (2.22)

4This symmetry cannot even extend to O(2) because already in the case of usual electromagnetism the finite rotation (^{−1 0}_{0 1} ) does not satisfy the duality condition (2.12).

Finally we note that the necessary and sufficient conditions for SO(2) duality rotations (2.22) (or (2.19)) can be equivalently expressed as invariance of

L(F ) − 1 4 F G̃ . (2.23)

Proof: the variation of expression (2.23) under F → F + ΔF is given by L(F + ΔF ) − L(F ) −^1_4 ΔF G̃ −^1_4 F ΔG̃ . Use of (2.16) with a + d = 0 (no dilatation) shows that this variation vanishes.

Invariance of the energy momentum tensor The symmetric energy momentum tensor of a nonlinear theory of electromagnetism (obtained via Belinfante procedure or by varying with respect to the metric) is given by^5 T^μ_ν = G̃^{μλ}F_{νλ} + ∂^μ_ν L . (2.24) The equations of motion (2.10) and (2.9) imply its conservation, ∂_μT^μ_ν = 0. Invariance of the energy momentum tensor under duality rotations is easily proven by observing that for a generic antisymmetric tensor F_{μν}

F̃^{μλ}F_{νλ} = −1 4 δ^μ_λF̃^{ρσ}F_{ρσ} , (2.25)

and then by recalling the duality symmetry condition (2.19). In particular the hamiltonian H = T^{00} = D·E − L of a theory that has duality rotation symmetry is invariant.

22. Born-Infeld lagrangian A notable example of a lagrangian whose equations of motion are invariant under duality rotations is given by the Born-Infeld one [41]

L_{BI} = 1 − � −det(η + F ) (2.26)

= 1 − � 1 + 1 2 F^2 − 1 16 (F F̃ )^2 (2.27)

= 1 − � 1 − E^2 + B^2 − (E·B)^2 . (2.28)

In the second line we have simply expanded the 4x4 determinant and espressed the lagrangian in terms of the only two independent Lorentz invariants associated to the electromagnetic field: F^2 ≡ F_{μν} F^{μν} , F F̃ ≡ F_{μν}F̃^{μν} .

The explicit expression of G is

G_{μν} =

F̃_{μν} +^1_4 F F̃ F_{μν} � 1 +^1_2 F^2 −^1_{16} (F F̃ )^2

, (2.29)

and the duality condition (2.19) is readily seen to hold.

5symmetry of T^{μν} follows immediately by observing that the tensor structure of G̃^{μν} implies G̃^{μν} = fs(F )F^{μν} + fp(F )F̃^{μν} with scalars fs(F ) and fp(F ) depending on F , the metric η = diag(−1, 1, 1, 1) and the completely antisymmetric tensor density ϵμνρσ . (Actually, if the lagrangian is parity even, fs is a scalar function while fp is a pseudoscalar function).

23. Legendre Transformations In the literature on gauge theories of abelian p-form potentials, the term duality transformation denotes a different transformation from the one we have introduced, a Legendre transformation, that is not a symmetry transformation. In this section we relate these two different notions, see [13] for further applications and examples. Consider a theory of nonlinear electrodynamics (p = 1) with lagrangian L(F ). The equations of motion and the Bianchi identity for F can be derived from the Lagrangian L(F, F_D) defined by

L(F, F_D) = L(F ) − 1 2 F F̃_D , F_D^{μν} = ∂^μA_D^ν − ∂^ν A_D^μ , (2.30)

where F is now an unconstrained antisymmetric tensor field, A_D a Lagrange multiplier field and F_D its electromagnetic field. [Hint: varying with respect to A_D gives the Bianchi identity for F , varying with respect to F gives G^{μν} = F_D^{μν} that is equivalent to the initial equations of motion ∂_μG̃^{μν} = 0 because F_D^{μν} = ∂^μA_D^ν −∂^ν A_D^μ (Poincaré lemma)].

Given the lagrangian (2.30) one can also first consider the equation of motion for F ,

G(F ) = F_D , (2.31)

that is solved by expressing F as a function of the dual field strength, F = F (F_D). Then inserting this solution into L(F, F_D), one gets the dual model

L_D(F_D) ≡ L(F (F_D)) − 1 2 F (F_D) · F̃_D . (2.32)

Solutions of the (2.32) equations of motion are, together with (2.31), solutions of the (2.30) equations of motion. Therefore solutions to the (2.32) equations of motion are via (2.31) in 1-1 correspondence with solutions of the L(F ) equations of motion. One can always perform a Legendre transformation and describe the physical system with the new dynamical variables A_D and the new lagrangian L_D rather than A and L. The relation with the duality rotation symmetry (self-duality) of the previous section is that if the system admits duality rotations then the solution F_D of the L_D equations of motion is also a solution of the L equations of motion, we have a symmetry because the dual field F_D is a solution of the original system. This is the case because for any solution L of the self-duality equation, its Legendre transform L_D satisfies:

L_D(F ) = L(F ) . (2.33)

This follows from considering a finite SO(2) duality rotation with angle π/2. Then F → F^′ = G(F ) = F_D, and invariance of (2.23), i.e. L(F^′) −^1_4 F^′G̃^′ = L(F ) −^1_4 F G̃ , implies L_D(F_D) = L(F_D), i.e., (2.33).

In summary, a Legendre transformation is a duality rotation only if the symmetry condition (2.8) is met. If the self-duality condition (2.8) does not hold, a Legendre transformation leads to a dual formulation of the theory in terms of a dual Lagrangian L_D, not to a symmetry of the theory.

24. Extended duality rotations The duality symmetry of the equations of motion of nonlinear electromagnetism can be extended to SL(2, R). We observe that the definition of duality symmetry we used -symmetry of the system of equations (2.9), (2.10) and (2.8)- can be relaxed by allowing the F dependence of G to change by a linear term: G = 2^{∂L}_{∂F} and G = 2^{∂L}_{∂F} +ϑF together with the Bianchi identities for F give equivalent equations of motions for F . Therefore the transformation � F^′ G^′ � = � 1 0 ϑ 1 � � F G � (2.34)

is a symmetry of any nonlinear electromagnetism. It corresponds to the lagrangian change L → L +^1_4 ϑF F̃ . This symmetry alone does not act on F , but it is useful if the nonlinear theory has SO(2) duality symmetry. In this case (2.34) extends duality symmetry from SO(2) to SL(2, R) (i.e. Sp(2, R)). Notice however that the SL(2, R) transformed solution, contrary to the SO(2) one, has a different energy and energy momentum tensor (recall (2.24)). If the constant ϑ is promoted to a dynamical field we then have invariance of the energy momentum tensor under SL(2, R) duality.

3 General theory of duality rotations We now briefly describe the most general conditions in order to have theories with duality rotation symmetry, provide three examples and discuss the geometry of the scalar fields, that when present enhance the duality symmetry from a compact group to a noncompact one (like from SO(2) to SL(2, R)).

We consider a theory of n abelian gauge fields possibly coupled to other bosonic and fermionic fields that we denote φ^α, (α = 1, ...p). We assume that the U(1) gauge potentials enter the action S = S[F, φ] only trough the field strengths F^Λ_{μν} (Λ = 1, . . . , n), and that the action does not depend on partial derivatives of the field strengths. Define G̃^{μν}_Λ = 2^{∂L}_{∂F Λμν} , i.e,

G̃^{μν}_Λ = 2δS[F, φ]

δF^Λ_{μν}

; (3.1)

then the Bianchi identities and the equations of motions for S[F, φ] are

∂_μF̃^{Λ μν} = 0 , (3.2)

∂_μG̃^{μν}_Λ = 0 , (3.3)

δS[F, φ]

δφ^α

= 0 . (3.4)

The field theory is described by the system of equations (3.1)-(3.4). Consider the duality transformations � F^′ G^′ � = � A B C D � � F G � (3.5)

φ^{′α} = Ξ^α(φ) (3.6) where (^{A B}_{C D}) is a generic constant GL(2n, R) matrix and the φ^α fields transformation in full detail reads φ^{′α} = Ξ^α(φ, (^{A B}_{C D})), with no partial derivative of φ appearing in Ξ^α. These duality rotations are a symmetry of the system of equations (3.1)-(3.4) iff, given F , G, and φ solution of (3.1)-(3.4) then F^′, G^′ and φ^′, that by construction satisfy ∂_μF̃^{′Λ μν} = 0 and ∂_μG̃^′_Λ^{μν} = 0, satisfy also

G̃^′_Λ^{μν} = 2δS[F^′, φ^′] δF^{′Λ}_{μν}

, (3.7)

δS[F^′, φ^′] δφ^{′α}

= 0 . (3.8)

The study [4, 40] of these on shell conditions in the case of infinitesimal GL(2n, R) rotations F → F^′ = F + ΔF , G → G^′ = G + ΔG ,

Δ � F G � = � a b c d � � F G � , (3.9)

Δφ^α = ξ^α(φ) . (3.10)

leads to the condition

L(F^′, φ^′) − L(F, φ) − κL(F, φ) − 1 4 F̃ c F − 1 4 G̃ b G = const_{a,b,c,d} (3.11)

If we expand F^′ in terms of F and G, we obtain the equivalent condition

L(F, φ^′) − L(F, φ) = 1 4 F̃ c F − 1 4 G̃ b G + κL(F, φ) − 1 2 G̃ a F + const_{a,b,c,d} (3.12)

Moreover the matrices a, b, c, d are constrained by the relations

a^t + b = κ11 , b^t = b , c^t = c (3.13)

so that

� a b c d � is an infinitesimal dilatation times an infinitesimal symplectic transformation. When the real parameter κ vanishes we just have an infinitesimal symplectic transformation.

Equation (3.12), where G̃^{μν}_Λ = 2∂L/∂F^Λ_{μν} , is a necessary and sufficient condition in order to have duality symmetry. This condition is on shell of the fermions equations of motion, in particular if no fermion is present this condition is off shell. In the presence of fermions, equation (3.12) off shell is a sufficient condition for duality symmetry. The duality symmetry group is

R^{>0} × Sp(2n, R) , (3.14) the group of dilatations times symplectic transformations It is also the maximal group of duality rotations as the example (or better, the limiting case) studied in the next section shows.

We note that condition (3.12) in the absence of dilatations (κ = 0), and for const_{a,b,c,d} = 0 (which is almost always the case) is equivalent to the invariance of L − 1 4 F̃ G . (3.15)

31. The main example and the scalar fields fractional transformations Consider the Lagrangian 1 4 N_{2 ΛΣ}F^ΛF^Σ + 1 4 N_{1 ΛΣ}F^ΛF̃^Σ + L (ϕ) (3.16)

where the real symmetric matrices N_1(ϕ) and N_2(ϕ) and the lagrangian L (ϕ) are just functions of the bosonic fields ϕ^i, i = 1, . . . m, (and their partial derivatives). Any nonlinear lagrangian in the limit of vanishing fermionic fields and of weak field strengths F^4 << F^2 reduces to the one in (3.16). A straightforward calculation shows that this lagrangian has R^{>0} × SL(2n, R) duality symmetry if the matrices N_1 and N_2 of the scalar fields transform as

Δ N_1 = c + d N_1 − N_1a − N_1 b N_1 + N_2 b N_2 , (3.17) Δ N_2 = d N_2 − N_2a − N_1 b N_2 − N_2 b N_1 , (3.18) and Δ L (ϕ) = κL (ϕ) . (3.19) If we define N = N_1 + iN_2 , i.e., N_1 = Re N , N_2 = Im N , the transformations (3.17), (3.18) read

Δ N = c + d N − N a − N b N , (3.20)

the finite version is the fractional transformation

N^′ = (C + DN ) (A + BN )^{−1} . (3.21)

Under (3.21) the imaginary part of N transforms as

N^′_2 = (A + BN )^{−†}N_2(A + BN )^{−1} (3.22)

where −† is a shorthand notation for the hermitian conjugate of the inverse matrix. The kinetic term^1_4 N_{2 ΛΣ}F^ΛF^Σ is positive definite if the symmetric matrix N_2 is negative definite. It can be shown (see for example Appendix 7.2 in [40]) that the matrices N = N_1 + iN_2 with N_1 and N_2 real and symmetric, and N_2 positive definite, are the coset space^{Sp(2n,R)}_{U(n)} .

A scalar lagrangian that satisfies the variation (3.19) can always be constructed using the geometry of the coset space^{Sp(2n,R)}_{U(n)} , see Section 34..

This example also clarifies the condition (3.13) on the GL(2n, R) generators. It is a straighfoward calculation to check that the equations (3.2), (3.3) and

G̃ = N_2F + N_1F̃ (3.23)

have duality symmetry under GL(2n, R) transformations with ΔN given in (3.20). However we want the constitutive relations G = G[F, φ] to follow from a lagrangian. Those following from the lagrangian (3.16) are (3.23) with N_1 and N_2 necessarily symmetric matrices. Only if the transformed matrices N^′_1 and N^′_2 are again symmetric we can have G̃^′ =^{∂L(F ′,φ′)}_{∂F ′} as in (3.7), (or more generally G̃^′ =^{∂L′(F ′,φ′)}_{∂F ′} ). The constraints N^′_1 = N^′_1^t, N^′_2 = N^′_2^t, reduce the duality group to R^{>0} × Sp(2n, R). In conclusion equation (3.12) is a necessary and sufficient condition for a theory of n abelian gauge fields coupled to bosonic matter to be symmetric under R^{>0} × Sp(2n, R) duality rotations, and R^{>0} × Sp(2n, R) is the maximal connected Lie group of duality rotations.

32. An example with fermi fields Consider the Lagrangian with Pauli coupling

L_0 = − 1 4 F_{μν} F^{μν} − 1 2 ψ∂/ψ − 1 2 ξ∂/ξ + 1 2 λF^{μν} ψσ_{μν} ξ (3.24)

where σ^{μν} =^1_4 [γ^μ, γ^ν ] and ψ, ξ are two Majorana spinors. We have

G̃^{μν} = 2 ∂L^0 ∂F_{μν}

= −F^{μν} + λψσ^{μν} ξ (3.25)

and the duality condition (3.12) for an infinitesimal U(1) duality rotation (^0_{−b}^b_0) reads

Δ_ψL_0 + Δ_ξL_0 = − b 4 λF̃ ψσξ + b 4 λ^2 ψσ^{μν} ξ ψσ̃_{μν} ξ . (3.26)

It is natural to assume that the kinetic terms of the fermion fields are invariant under this duality rotation (this is also the case for the scalar lagrangian L (ϕ) in (3.19)), then using γ_5σ^{μν} = iσ̃^{μν} we see that the coupling of the fermions with the field strength is reproduced if the fermions rotate according to

Δψ = i 2 bγ_5ψ , (3.27)

Δξ = i 2 bγ_5ξ ; (3.28)

we also see that we have to add to the lagrangian L_0 a new interaction term quartic in the fermion fields. Its coupling is also fixed by duality symmetry to be −λ^2/8.

The theory with U(1) duality symmetry is therefore given by the lagrangian [1]

L = − 1 4 F_{μν} F^{μν} − 1 2 ψ∂/ψ − 1 2 ξ∂/ξ + 1 2 λF^{μν} ψσ_{μν} ξ − 1 8 λ^2 ψσ_{μν} ξ ψσ^{μν} ξ . (3.29)

Notice that fermions transform under the double cover of U(1) indeed under a rotation of angle b = 2π we have ψ → −ψ, ξ → −ξ, this is a typical feature of fermions transformations under duality rotations, they transform under the double cover of the maximal compact subgroup of the duality group. This is so because the interaction with the gauge field is via fermions bilinear terms.

33. Compact and noncompact duality rotations The fractional transformation (3.21) is also characteristic of nonlinear theories. The subgroup of Sp(2n, R) that leaves invariant a fixed value of the scalar fields N is U(n). This is easily seen by setting N = −i11. Then infinitesimally we have relations (3.13) with κ = 0 and b = −c, a = −a^t, i.e. we have the antisymmetric matrix � a b −b a � , a = −a^t, b = b^t. For finite transformations the Sp(2n, R) relations

A^tC − C^tA = 0 , B^tD − D^tB = 0 , A^tD − C^tB = 1 (3.30)

are complemented by A = D , B = −C . (3.31)

Thus A − iB is a unitary matrix. U(n) is the maximal compact subgroup of Sp(2n, R), it is the group of orthogonal and symplectic 2n × 2n matrices.

By freezing the values of the scalar fields N we have obtained a theory with only gauge fields and with U(n) duality symmetry. Vice versa (see [40], that follows [14] that extends to U(n) the U(1) interacting theory discussed in [12, 13]) given a theory invariant under U(n) duality rotations it is possible to extend it via n(n + 1) scalar fields N to a theory invariant under Sp(2n, R).

34. Nonlinear sigma models on G/H In this section we briefly consider the geometry of coset spaces G/H. This is the geometry underlying the scalar fields and needed to formulate their dynamics. We study in particular the case G = Sp(2n.R), H = U(n) [4] and give a kinetic term for the scalar fields N .

The geometry of the coset space G/H is conveniently described in terms of coset representatives, local sections L of the bundle G → G/H. A point ϕ in G/H is an equivalence class gH = {g̃ | g^{−1}g̃ ∈ H}. We denote by ϕ^i (i = 1, 2 . . . m) its coordinates (the scalar fields of the theory). The left action of G on G/H is inherited from that of G on G, it is given by gH → g^′gH, that we rewrite ϕ → g^′ϕ = ϕ^′. Concerning the coset representatives we then have g^′L(ϕ) = L(ϕ^′)h , (3.32) because both the left and the right hand side are representatives of ϕ^′. The geometry of G/H and the corresponding physics can be constructed in terms of coset representatives. Of course the construction must be insensitive to the particular representative choice, we have a gauge symmetry with gauge group H.

When H is compact the Lie algebra of G splits in the direct sum G = H + K, where

[H, H] ⊂ H , [K, K] ⊂ H + K , [H, K] ⊂ K . (3.33)

The last expression defines the coset space representation of H. The representations of the compact Lie algebra H are equivalent to unitary ones, and therefore there exists a basis (H_α, K_a), where [H_α, K_a] = C^b_{αa}K_b with C_α = (C^b_{αa})_{a,b=1,...m=dimG/H} antihermitian matrices. Since the coset representation is a real representation then these matrices C_α belong to the Lie algebra of SO(m).

Given a coset representative L(ϕ), the pull back on G/H of the G Lie algebra left invariant 1-form Γ = L^{−1}dL is decomposed as

Γ = L^{−1}dL = P^a(ϕ)K_a + ω^α(ϕ)H_α .

Γ and therefore P = P^a(ϕ)K_a and ω = ω^α(ϕ)H_α are invariant under diffeomorphisms generated by the left G action. Under the local right H action of an element h(ϕ) (or under change of coset representative L^′(ϕ) = L(ϕ)h(ϕ)) we have

P → h^{−1}P h , ω → h^{−1}ωh + h^{−1}dh . (3.34)

The 1-forms P^a(ϕ) = P^a(ϕ)_idϕ^i are therefore vielbein on G/H transforming in the fundamental of SO(m), while ω = ω(ϕ)_idϕ^i is an H-valued connection 1-form on G/H. We can then define the covariant derivative ∇P^a = [P, ω]^a = P^b ⊗ −C^a_{αb}ω^α. There is a natural metric on G/H,

g = δ_{ab}P^a ⊗ P^b , (3.35)

(this definition is well given because we have shown that the coset representation is via infiniesimal SO(m) rotations). It is easy to see that the connection ∇ is metric compatible, ∇g = 0.

If the coset is furthermore a symmetric coset we have

[K, K] ⊂ H ,

then the identity dΓ + Γ ∧ Γ = 0, that is (the pull-back on G/H of) the Maurer-Cartan equation, in terms of P and ω reads

R + P ∧ P = 0 , (3.36) dP + P ∧ ω + ω ∧ P = 0 . (3.37)

This last relation shows that ω is torsion free. Since it is metric compatible it is therefore the Riemannian connection on G/H. Equation (3.36) then relates the Riemannian curvature to the square of the vielbeins.

By using the connection ω and the vierbein P we can construct couplings and actions invariant under the rigid G and the local H transformations, i.e. sigma models on the coset space G/H.

For example a kinetic term for the scalar fields, which are maps from spacetime to G/H, is given by pulling back to spacetime the invariant metric (3.35) and then contracting it with the spacetime metric

L_{kin}(ϕ) = 1 2 P^a_μ P^μ_a = 1 2 P^a_i∂_μϕ^iP_{aj} ∂^μϕ^j . (3.38)

By construction the lagrangian L_{kin}(ϕ) is invariant under G and local H transformations; it depends only on the coordinates of the coset space G/H.

34.1. The case G = Sp(2n, R), H = U(n) A kinetic term for the^{Sp(2n,R)}_{U(n)} valued scalar fields is given by (3.38). This lagrangian is invariant under Sp(2n, R) and therefore satisfies the duality condition (3.19) with G = Sp(2n, R) and κ = 0. We can also write

L_{kin}(ϕ) = 1 2 P^a_μ P^μ_a = 1 2 Tr(P_μP^μ) ; (3.39)

where in the last passage we have considered generators K_a so that Tr(K_aK_b) = δ_{ab} (this is doable since U(n) is the maximal compact subgroup of Sp(2n, R)). In order to obtain a more explicit expression for the lagrangian (3.39) we now consider the so-called complex basis representation of the group Sp(2n.R) and of the associated coset^{Sp(2n,R)}_{U(n)} . Rather than using the symplectic matrix S = (^A_C^B_D) of the fundamental representation of Sp(2n, R), we consider the conjugate matrix

A^{−1}SA where A = 1 √ 2 � 11 11 −i11 i11 � . (3.40)

In this complex basis the subgroup U(n) ⊂ Sp(2n, R) is simply given by the block diagonal matrices (^u_0^0_ū). We also define the n × 2n matrix � f h � = 1 √ 2 � A − iB C − iD � (3.41)

and the matrix V = � f f̄ h h̄ � = � A B C D � A . (3.42)

Then the symplectic and reality conditions of the matrix S = (^A_C^B_D) read

(f^†, h^†) � 0 −11 11 0 � � f h � = i11 i.e. − f^†h + h^†f = i11 (3.43) and (f^t, h^t) � 0 −11 11 0 � � f h � = 0 i.e. − f^th + h^tf = 0 (3.44)

and we thus have

V^{−1}dV = (A^{−1}SA)^{−1}d(A^{−1}SA) = � i(f^†dh − h^†df) i(f^†dh̄ − h^†df̄) −i(f^tdh − h^tdf) −i(f^tdh̄ − h^tdf̄) � ≡ � ω P̄ P ω̄ � , (3.45) where in the last passage we have defined the n × n sub-blocks ω and P corresponding to the U(n) connection and the vielbein of Sp(2n, R)/U(n) in the complex basis, (with slight abuse of notation we use the same letter ω in this basis too). We further introduce the matrix N = fh^{−1} (3.46) If we decompose it into real and imaginary parts, N = N_1 + iN_2 = ReN + iImN, then

N^{−1}_2 = −2ff^† . (3.47)

The matrix of scalars N can be shown to parametrize the coset space Sp(2n, R)/U(n). Under the symplectic rotation (^A_C^B_D) → (^{A′}_C′^{B′}_D′ )(^A_C^B_D) the matrix N changes via the fractional transformation N → (C^′ + D^′N ) (A^′ + B^′N )^{−1}, (cf. (??)). The transformation of the matrix N_2 is given in (3.22).

We now go back to the kinetic term of the^{Sp(2n,R)}_{U(n)} valued scalar fields and obtain the explicit expression

L_{kin}(ϕ) = Tr(P̄_μP^μ) = 1 4 Tr(N^{−1}_2 ∂_μN N^{−1}_2 ∂^μN ) (3.48)

where P = P_μdx^μ = P_i∂_μϕ^idx^μ, N = N_1 − iN_2 and N = N_1 + iN_2 = ReN + iImN . For future reference we present here also another parametrization of the coset space Sp(2n, R)/U(n), it it given by the symmetric matrices M,

M(N ) = � 11 −N_1 0 11 � � N_2 0 0 N^{−1}_2 � � 11 0 −N_1 11 �

= � N_2 + N_1 N^{−1}_2 N_1 − N_1 N^{−1}_2 −N^{−1}_2 N_1 N^{−1}_2 �

= −i � 0 −11 11 0 � + � N N^{−1}_2 N^† − N N^{−1}_2 −N^{−1}_2 N^† N^{−1}_2 � (3.49)

= −i � 0 −11 11 0 � − 2 � hh^† −hf^† −fh^† ff^† �

= −i � 0 −11 11 0 � − 2 � −h f � (−h^† f^†)

= −2 Re � −h f � (−h^† f^†) � . (3.50)

35. The Generalized Born Infeld theory example In this section we present the Born-Infeld theory with n abelian gauge fields coupled to n(n + 1)/2 scalar fields N and show that is has an Sp(2n, R) duality symmetry. If we freeze the scalar fields N to the value N = −i11 then the lagrangian has U(n) duality symmetry and reads L = Tr[11 − S_{α,β} � 11 + 2α − β^2] , (3.51)

where the components of the n × n matrices α and β are

α^{ΛΣ} = 1 4 F^ΛF^Σ, β^{ΛΣ} = 1 4 ~F^ΛF^Σ. (3.52)

The square root is to be understood in terms of its power series expansion, and the operator S_{α,β} acts by symmetrizing each monomial in the α and β matrices. A world (monomial) in the letters α and β is symmetrized by averaging over all permutations of its letters. The normalization of S_{α,β} is such that if α and β commute then S_{α,β} acts as the identity. Therefore in the case of just one abelian gauge field (3.51) reduces to the usual Born-Infeld lagrangian.

Following [16] we show the duality symmetry of the Born-Infeld theory (3.51) by first showing that a Born-Infeld theory with n complex abelian gauge fields written in an auxiliary field formulation has U(n, n) duality symmetry. Thanks to a remarkable property of solutions of matrix equations [17] the auxiliary fields can be eliminated. Then real fields can also be considered.

35.1. Duality rotations with complex field strengths From the general study of duality rotations we know that a theory with 2n real fields F^Λ_1 and F^Λ_2 (Λ = 1, . . . n) has at most Sp(4n, R) duality if we consider duality rotations that leave invariant the energy-momentum tensor (and in particular the hamiltonian). We now consider the complex fields

F^Λ = F^Λ_1 + iF^Λ_2 , F̄^Λ = F^Λ_1 − iF^Λ_2 , (3.53)

the corresponding dual fields G = 1 2 (G_1 + iG_2) , Ḡ = 1 2 (G_1 − iG_2) , (3.54)

and restrict the Sp(4n, R) duality group to the subgroup of holomorphic transformations, Δ � F G � = � a b c d � � F G � (3.55)

Δ �¯ F Ḡ � = � ā b̄ c̄ d̄

� �¯ F Ḡ � . (3.56)

This requirement singles out those matrices, acting on the vector � � � F1 F2 G1 G2

� � �, that belong to the Lie algebra of Sp(4n, R) and have the form � � � A( a 00 ā )A^{−1 1}_2 A( b 00 b̄ )A^{−1}

2A( c 00 c̄ )A^{−1} A( d 00 d̄ )A^{−1}

� � � (3.57)

where A =^{1√}_2 (^{11}_{−i11}^{11}_{i11}). The matrix (3.57) belongs to Sp(4n, R) iff the n × n complex matrices a, b, c, d satisfy a^† = −a , b^† = b , c^† = c . (3.58)

Matrices � a b c d � , that satisfy (3.58), define the Lie algebra of the real form U(n, n).

The group U(n, n) is here the subgroup of GL(2n, C) characterized by the relations

M^† � 0 −11 11 0 � M = � 0 −11 11 0 � , (3.59)

setting U = A^{−1}MA the matrix U satisfies the condition U^†(^{11}_0^0_{−11})U = (^{11}_0^0_{−11}). One can check that (3.59) implies the following relations for the block components of M = � A B C D � , C^†A = A^†C , B^†D = D^†B , D^†A − B^†C = 11 . (3.60) The Lie algebra relations (3.58) can be obtained from the Lie group relations (3.60) by writing (^A_B^C_D) = (^{11}_0^0_{11}) + ϵ(^a_c^b_d) with ϵ infinitesimal. Equation (3.57) gives the embedding of U(n, n) in Sp(4n, R).

The theory of holomorphic duality rotations can be seen as a special case of that of real duality rotations, but (as complex geometry versus real geometry) it deserves also an independent formulation based on the holomorphic variables � F G � and maps � a b c d � . The dual fields in (3.54), or rather the Hodge dual of the dual field strength, ~G^{μν}_Λ = 1 2 ε_{μνρσ} G^{ρσ}_Λ , is equivalently defined via

G̃^{μν}_Λ ≡ 2 ∂L ∂F̄^Λ_{μν}

, ~Ḡ^{μν}_Λ ≡ 2 ∂L ∂F^Λ_{μν}

. (3.61)

Similarly to the real field strengths case we have that the Bianchi identities and equations of motion ∂_μF̃^{Λ μν} = 0 , ∂_μG̃^{μν}_Λ = 0 ,^{δS[F,F̄ ,φ]}_{δφα} = 0 transform covariantly under the holomorphic infinitesimal transformations (3.55) if the lagrangian satisfies the condition (cf. (3.11))

L(F + ΔF, F̄ + ΔF̄ , φ + Δφ) − L(F, F̄ , φ) − 1 2 F̃ c F̄ − 1 2 G̃ b Ḡ = const_{a,b,c,d} (3.62)

The maximal compact subgroup of U(n, n) is U(n) × U(n) and is obtained by requiring (3.60) and A = D , B = −C .

The corresponding infinitesimal relations are (3.58) and a = d , b = −c . The coset space^{U(n,n)}

U(n)×U(n) is the space of all negative definite hermitian matrices M of

U(n, n) (see for example [16, 40]) or equivalently of matrices

N ≡ N_1 + iN_2 (3.63)

where N_1 is hermitian and N_2 is hermitian and negative definite. Since any complex matrix can always be decomposed into hermitian matrices as in (3.63), the only requirement on N is that N_2 is negative definite. The relation between M and N is given in the line (3.49). Under the left action of U(n, n) on itself g → �_{A BC D} �

g, we have the transformation M →

�_{D −C}

−B A � M �_{D −C}

−B A

�_† (that follows from M = −g^{†−1}g^{−1}) and

N → N^′ = (C + DN ) (A + BN )^{−1} , (3.64) N_2 → N^′_2 = (A + BN )^{−†}N_2(A + BN )^{−1} . (3.65)

35.2. Born-Infeld with auxiliary fields A lagrangian that satisfies condition (3.62) is

L = Re Tr [ i(N − λ)χ − i 2 λχ^†N_2χ − iλ(α + iβ) ] , (3.66)

where now the α and β matrices are the Lorentz invariant combinations

α^{ab} ≡ 1 2 F^aF̄^b, β^{ab} ≡ 1 2 ~F^aF̄^b. (3.67)

The auxiliary fields χ and λ and the scalar field N are n dimensional complex matrices. We can also add to the lagrangian a duality invariant kinetic term for the scalar field N , (cf (3.48)) Tr(N^{−1}_2 ∂_μN^† N^{−1}_2 ∂^μN ) . (3.68)

In order to prove the duality of (3.66) we first note that the last term in the Lagrangian can be written as −Re Tr [ iλ(α + iβ) ] = −Tr(λ_2α + λ_1β) .

If the field λ transforms by fractional transformation and λ_1, λ_2 and the gauge fields are real this is the U(1)^n Maxwell action (3.16), with the gauge fields interacting with the scalar field λ. This term by itself has the correct transformation properties under the duality group. Similarly for hermitian α, β, λ_1 and λ_2 this term by itself satisfies equation (3.62). It follows that the rest of the Lagrangian must be duality invariant. The duality transformations of the scalar and auxiliary fields are^6 λ^′ = (C + Dλ) (A + Bλ)^{−1} , (3.69) χ^′ = (A + BN )χ(A + Bλ^†)^† , (3.70) and (3.64). Invariance of Tr[i(N − λ)χ] is easily proven by using (3.60) and by rewriting (3.69) as λ^′ = (A + Bλ^†)^{−†} (C + Dλ^†)^† . (3.71) Invariance of the remaining term which we write as Re Tr [−^i_2 λχ^†N_2χ] = Tr [^1_2 λ_2χ^†N_2χ] , is straightforward by using (3.65) and the following transformation obtained from (3.71), λ^′_2 = (A + Bλ^†)^{−†}λ_2(A + Bλ^†)^{−1} . (3.72) 35.3. Elimination of the Auxiliary Fields The equation of motion obtained by varying λ gives an equation for χ, χ + 1 2 χ^†N_2χ + α + iβ = 0 , (3.73)

using this equation in the Lagrangian (3.66) we obtain L = Re Tr (iN χ) (3.74) = Re Tr (−N_2χ) + Tr (N_1β) , (3.75) where χ is now a function of α, β and N_2 that solves (3.73). In the second line we observed that the anti-hermitian part of (3.73) implies χ_2 = −β. In order to obtain an explicit expression of L in terms of α, β and N we set ^χ = RχR^† , ^α = RαR^† , ^β = RβR^† , (3.76) where, R^†R = −N_2. The equation of motion for χ is then equivalent to

^χ − 1 2 ^χ^† ^χ + ^α − i^β = 0 . (3.77)

The anti-hermitian part of (3.77) implies ^χ_2 = −^β , thus ^χ^† = ^χ − 2i^β. This can be used to eliminate ^χ^† from (3.77) and obtain the quadratic equation for ^χ,

^χ = −^α + i^β − i^β ^χ + 1 2 ^χ^2 . (3.78)

A key point is that this equation is a unilateral matrix equation, i.e. the coefficients, that are matrices, appear for example only on the left hand side, like a_0 + a_1 ^χ +

6In [16] we use different notations: N → S^†, λ → λ^†, χ → χ^†,

�_{A B} C D � → �_{D C} B A � .

. . . a_n ^χ^n = 0. The trace T r(^χ) of the solution of unilateral matrix equations is an expression symmetric in the coefficients a_0, a_1, . . . a_n [17], see also [42] and [43]. The trace of the solution of equation (3.78) gives the explicit expression of the lagrangian L = Re Tr (−^χ) + Tr (N_1β) , in terms of α, β and N ,

L = Tr[11 − S_{α,β} � 11 + 2^α − ^β^2 + N_1β] . (3.79)

The right hand side formula is understood this way: first expand the square root as a power series in ^α and ^β assuming that ^α and ^β commute. Then solve the ordering ambiguities arising from the noncommutativity of ^α and ^β by symmetrizing, with the operator S_{^α, ^β}, each monomial in the ^α and ^β matrices. A world (monomial) in the letters ^α and ^β is symmetrized by considering the sum of all the permutations of its letters, then normalize the sum by dividing by the number of permutations. This normalization of S_{^α, ^β} is such that if ^α and ^β commute then S_{^α, ^β} acts as the identity. Therefore in the case of just one abelian gauge field (3.51) reduces to the usual Born- Infeld lagrangian.

Let’s now come back to the case of real fields strengths. It can be shown that if we set ^α = RαR^t, ^β = RβR^t, N_2 = −R^tR, where now R is a real matrix, and α^{ΛΣ} =^1_4 F^ΛF^Σ, β^{ΛΣ} =^1_4F̃^ΛF^Σ as in (3.52), then the lagrangian (3.79) that depends on n real field strengths F^Λ and the n(n + 1) real scalar fields N is self dual with Sp(2n, R) duality group.

35.4. Supersymmetric Theory In this section we briefly discuss supersymmetric versions of some of the Lagrangians introduced. First we discuss the supersymmetric form of the Lagrangian (3.66). Consider the superfields V^Λ =^{1√}_2 (V^Λ_1 + iV^Λ_2 ) and V̌^Λ =^{1√}_2 (V^Λ_1 − iV^Λ_2 ) where V^Λ_1 and V^Λ_2 are real vector superfields, and define

W^Λ_α = − 1 4 D̄^2D_αV^Λ , W̌^Λ_α = −1 4 D̄^2D_αV̌^Λ .

Both W^Λ and W̌^Λ are chiral superfields and can be used to construct a matrix of chiral superfields M^{ΛΣ} ≡ W^ΛW̌^Σ .

The supersymmetric version of the Lagrangian (3.66) is then given by

L = Re � d^2θ � Tr (i(N − λ)χ − i 2 λD̄^2(χ^†N_2χ) + iλM) � , where N , λ and χ denote chiral superfields with the same symmetry properties as their corresponding bosonic fields. While the bosonic fields N and λ appearing in (3.66) are the lowest component of the superfields denoted by the same letter, the field χ in the action (3.66) is the highest component of the superfield χ. A supersymmetric kinetic term for the scalar field N can also be written [44].

Just as in the bosonic Born-Infeld theory, one would like to eliminate the auxiliary fields. This is an open problem if n ≠ 1. For n = 1 just as in the bosonic case the theory with auxiliary fields also admits both a real and a complex version, i.e. one can also consider a Lagrangian with a single real superfield. Then by integrating out the auxiliary superfields the supersymmetric version of the Born-Infeld lagrangian is obtained L = � d^4θ

N^2_2 W^2W̄^2

1 + A + √ 1 + 2A + B^2

+ Re � d^2θ( i 2 N W^2) � , (3.80)

where A = 1 4 (D^2(N_2W^2) + D̄^2(N_2W̄^2)) , B = 1 4 (D^2(N_2W^2) − D̄^2(N_2W̄^2)) .

If we only want a U(1) duality invariance we can set N = −i and then the lagrangian (3.80) reduces to the supersymmetric Born-Infeld lagrangian described in [45, 46, 47].

In the case of weak fields the first term of (3.80) can be neglected and the Lagrangian is quadratic in the field strengths. Under these conditions the combined requirements of supersymmetry and self duality can be used [48] to constrain the form of the weak coupling limit of the effective Lagrangian from string theory. Self-duality of Born-Infeld theories with N = 2 supersymmetries is discussed in [22].

4 Dualities in extended Supergravities

Four dimensional N-extended supergravities contain in the bosonic sector, besides the metric, a number n of vectors and m of (real) scalar fields. The relevant bosonic action is known to have the following general form: S = 1 4 � √ −g d^4x � − 1 2 R + Im N_{ΛΓ}F^Λ_{μν} F^{Γ μν} + 1 2 √ −g Re N_{ΛΓ}ϵ^{μνρσ} F^Λ_{μν} F^Γ_{ρσ}+ + 1 2 g_{ij} (ϕ)∂_μϕ^i∂^μϕ^j � , (4.1)

where g_{ij} (ϕ) (i, j, · · · = 1, · · · , m) is the scalar metric on the σ-model described by the scalar manifold M_{scalar} of real dimension m and the vectors kinetic matrix N_{ΛΣ}(ϕ) is a complex, symmetric, n × n matrix depending on the scalar fields. The number of vectors and scalars, namely n and m, and the geometric properties of the scalar manifold M_{scalar} depend on the number N of supersymmetries and for N > 2 are summarized in Table 1.

The duality group of these theories is in general not the maximal one Sp(2n, R) because the requirement of supersymmetry constraints the number and the geometry of the scalar fields in the theory. We first study the case where the scalar fields manifold is a coset space G/H, and we see that the duality group in this case is G. We then briefly describe the general N = 2 case where the target space is a special Kähler manifold M and thus in general we do not have a coset space. In both cases the symplectic geometry dictates the structure of the scalar kinetic term, of the supersymmetry transformations and of the charges and their invariant combinations. In the general N = 2 case however the Sp(2n, R) transformations are needed in order to globally define the supergravity theory. We do not have a duality symmetry of the theory; Sp(2n, R) is rather a gauge symmetry of the theory, in the sense that only Sp(2n, R) invariant expressions are physical ones.

The case of duality rotations in N = 1 supergravity is considered in [7], [49], see also [23]. In this case there is no vector potential in the graviton multiplet hence no scalar central charge in the supersymmetry algebra. Duality symmetry is due to the number of matter vector multiplets in the theory, the coupling to eventual chiral multiplets must be via a kinetic matrix N holomorphic in the chiral fields. We see that the structure of duality rotations is similar to that of N = 1 rigid supersymmetry. For duality rotations in N = 1 and N = 2 rigid supersymmetry using superfields see the review [22].

41. Extended supergravities with target space G/H In N ≥ 2 supergravity theories where the scalars target space is a coset G/H, the scalar sector has a Lagrangian invariant under the global G rotations. Since the scalars appear in supersymmetry multiplets the symmetry G should be a symmetry of the whole theory. This is indeed the case and the symmetry on the vector potentials is duality symmetry.

Let’s examine the gauge sector of the theory. We recall from Section 3.1 that we have an Sp(2n, R) duality group if the vector (^F_G) transforms in the fundamental of Sp(2n, R), and the gauge kinetic term N transforms via fractional transformations, if (^{A B}_{C D}) ∈ Sp(2n, R), N → N^′ = (C + DN ) (A + BN )^{−1} . (4.2)

Thus in order to have G duality symmetry, G needs to act on the vector (^F_G) via symplectic transformations, i.e. via matrices (^{A B}_{C D}) in the fundamental of Sp(2n, R). This requires a homomorphism

S : G → Sp(2n, R) . (4.3)

Different infinitesimal G transformations should correspond to different infinitesimal symplectic rotations so that the induced map Lie(G) → Lie(Sp(2n, R)) is injective, and equivalently the homomorphism S is a local embedding (in general S it is not globally injective, the kernel of S may contain some discrete subgroups of G). Since U(n) is the maximal compact subgroup of Sp(2n, R) and since H is compact, we have that the image of H under this local embedding is in U(n). It follows that we have a G-equivariant map

N : G/H → Sp(2n, R)/U(n) , (4.4)

explicitly, for all g ∈ G,

N (gϕ) = (C + DN (ϕ)) (A + BN (ϕ))^{−1} , (4.5)

where with gϕ we denote the action of G on G/H, while the action of G on Sp(2n, R)/U(n) is given by fractional transformations via the matrix S(g) = (^A_C^B_D). Notice that we have identified Sp(2n, R)/U(n) with the space of complex symmetric matrices N that have imaginary part Im N = −i(N − N )/2 negative definite.

The D = 4 supergravity theories with N > 2 have all target space G/H, they are characterized by the number n of total vectors, the number N of supersymmetries, and the coset space G/H, see Table 1^7.

Table 1: Scalar Manifolds of N > 2 Extended Supergravities

N Duality group G isotropy H M_{scalar} n m

3 SU(3, n^′) S(U(3) × U(n^′))^{SU(3,n′ )}_{S(U(3)×U(n′ ))} 3 + n^′ 6n^′

4 SU(1, 1) × SO(6, n^′) U(1) × S(O(6) × O(n^′))^{SU(1,1)}_{U(1)} ×^{SO(6,n′)}_{S(O(6)×O(n′))} 6 + n^′ 6n^′ + 2

5 SU(5, 1) S(U(5) × U(1))^{SU(5,1)}_{S(U(5)×U(1))} 10 10

6 SO^⋆(12) U(6)^{SO⋆(12)}_{U(6)} 16 30

7, 8 E_{7(7)} SU(8)/Z_2^{E7(7)}_{SU(8)/Z2} 28 70

In the table, n stands for the number of vectors and m = dim M_{scalar} for the number of real scalar fields. In all the cases the duality group G is (locally) embedded in Sp(2 n, R). The number n of vector potentials of the theory is given by n = n_g + n^′ where n^′ is the number of vectors potentials in the matter multiplet while n_g is the number of graviphotons (i.e. of vector potentials that belong to the graviton multiplet). We recall that n_g =^{N(N−1)}_2 if N ≠ 6 ; and n_g =^{N(N−1)}_2 + 1 = 16 if N = 6 ; we also have n^′ = 0 if N > 4. The scalar manifold of the N = 4 case is usually written as SO_o(6, n^′)/SO(6) × SO(n^′) where SO_o(6, n^′) is the component of SO(6, n^′) connected to the identity. The duality group of the N = 6 theory is more precisely the double cover of SO^∗(12). Spinors fields transform according to H or its double cover.

In general the isotropy group H is the product

H = H_{Aut} × H_{matter} (4.6)

where H_{Aut} is the automorphism group of the supersymmetry algebra, while H_{matter} depends on the matter vector multiplets, that are not present in N > 4 supergravities. In Section 3.5 we have described the geometry of the coset space G/H in terms of coset representatives, local sections L of the bundle G → G/H. Under a left action of G they transform as gL(ϕ) = L(ϕ^′)h , where the g action on ϕ ∈ G/H gives the point ϕ^′ ∈ G/H.

We now recall that duality symmetry is implemented by the symplectic embeddings (4.3) and (4.4) and conclude that the embeddings of the coset representatives L in

7In Table 1 the group S(U(p) × U(q)) is the group of block diagonal matrices (^P_0^0_Q) with P ∈ U(p), Q ∈ U(q) and detP detQ = 1. There is a local isomorphism between S(U(p) × U(q)) and the direct product group U(1) × SU(p) × SU(q), in particular the corresponding Lie algebras coincide. Globally these groups are not the same, for example S(U(5) × U(1)) = U(5) = U(1) × P SU(5) ≠ U(1) × SU(5).

Sp(2n, R) will play a central role. Recalling (3.41) these embeddings are determined by defining L → f(L) and L → h(L) . (4.7) In the following we see that the matrices f(L) and h(L) determine the scalar kinetic term N , the supersymmetry transformation rules and the structure of the central and matter charges of the theory. We also derive the differential equations that these charges satisfy and consider their positive definite and duality invariant quadratic expression V_{BH} . These relations are similar to the Special Geometry ones of N = 2 supergravity. From the equation of motion

dF^Λ = 4πj^Λ_m (4.8) dG_Λ = 4πj_{eΛ} (4.9)

We associate with a field strength 2-form F a magnetic charge p^Λ and an electric charge q_Λ given respectively by:

p^Λ = 1 4π � S^2

F^Λ , q_Λ = 1 4π � S^2

G_Λ (4.10)

where S^2 is a spatial two-sphere containing these electric and magnetic charges. These are not the only charges of the theory, in particular we are interested in the central charges of the supersymmetry algebra and other charges related to the vector multiplets. These latter charges result to be the electric and magnetic charges p^Λ and q_Λ dressed with the scalar fields of the theory. In particular these dressed charges are invariant under the duality group G and transform under the isotropy subgroup H = H_{Aut} × H_{matter}.

According to the transformation of the coset representative gL(ϕ) = L(ϕ^′)h , under the action of g ∈ G on G/H we have

S(ϕ)A → S(ϕ^′)A = S(g)S(ϕ)S(h^{−1})A = S(g)S(ϕ)AU^{−1} (4.11)

where A =^{1√}_2 (^{11}_{−i11}^{11}_{i11}) is unitary and symplectic, S(g) = (^A_C^B_D) and S(h) are the embeddings of g and h in the fundamental of Sp(2n, R), while U = A^{−1}S(h)A is the embedding of h in the complex basis of Sp(2n, R). Explicitly U = � ū 0 0 u �

where u is in the fundamental of U(n). Therefore the symplectic matrix

V = SA = � f f̄ h h̄ � (4.12)

transforms according to

V (ϕ) → V (ϕ^′) = S(g)V (ϕ) � ū^{−1} 0 0 u^{−1} � . (4.13)

The dressed field strengths transform only under a unitary representation of H and, in accordance with (4.13), are given by [9] � T −T̄ � = −i V (ϕ)^{−1} � F G � ; (4.14)

T → uT . (4.15) Explicitly, since −i V̄^{−1} = � h^t −f^t −h^† f^† � (4.16)

we have T_{AB} = h_{Λ AB} F^Λ − f^Λ_{AB}G_Λ

T̄_Ī = h̄_{ΛĪ} F^Λ − f̄^Λ_Ī G_Λ (4.17)

where we used the notation T = (T^{M̄} ) = (T_M ) = (T_{AB} , T̄¯_I ),

f = (f^Λ_M ) = (f^Λ_{AB}, f̄^Λ_Ī ) , h = (h_{ΛM} ) = (h_{ΛAB} , h̄_Λ¯_I ) . (4.18)

While the index Λ is used for the fundamental representation of Sp(2n; R) the index M is used for that of U(n). According to the local embedding H = H_{Aut} × H_{matter} → U(n) (4.19)

the index M is further divided as M = (AB, Ī) where Ī refers to H_{matter} and AB = −BA (A = 1, . . . , N) labels the two-times antisymmetric representation of the Rsymmetry group H_{Aut}. We can understand the appearence of this representation of H_{Aut} because this is a typical representation acting on the central charges. From (4.17) the central charges are

Z_{AB} = − 1 4π � S^2_∞

T_{AB} = f^Λ_{AB}q_Λ − h_{Λ AB}p^Λ (4.20)

Z̄_Ī = − 1 4π � S^2_∞

T̄_Ī = f̄^Λ_Ī q_Λ − h̄_{ΛĪ} p^Λ (4.21)

where the integral is considered at spatial infinity and, for spherically symmetric configurations, f and h in (4.20), (4.21) are f(ϕ_∞) and h(ϕ_∞) with ϕ_∞ the constant value assumed by the scalar fields at spatial infinity.

The integral of the graviphotons T_{AB μν} gives the value of the central charges Z_{AB} of the supersymmetry algebra, while by integrating the matter field strengths T_{I μν} one obtains the so called matter charges Z_I .

The dressed graviphotons field strength 2-forms T_{AB} enter the supersymmetry transformation law of the gravitino field in the interacting theory, namely:

δψ_A = ∇ε_A + αT_{AB μν} γ^aγ^{μν} ε^B V_a + . . . (4.22)

Here ∇ is the covariant derivative in terms of the space-time spin connection and the composite connection of the automorphism group H_{Aut}, α is a coefficient fixed by supersymmetry, V^a is the space-time vielbein. Here and in the following the dots denote trilinear fermion terms which are characteristic of any supersymmetric theory but do not play any role in the following discussion. The dressed fields T_{AB} enter also the dilatino transformation law,

δχ_{ABC} = P_{ABCD ℓ}∂_μϕ^ℓγ^με^D + βT_{[AB μν} γ^{μν} ε_{C]} + . . . (4.23)

Analogously, when vector multiplets are present, the matter vector field strengths T_I appearing in the transformation laws of the gaugino fields, are linear combinations of the field strengths dressed with a different combination of the scalars:

δλ_{IA} = iP_{I AB r}∂_μϕ^rγ^με^B + γT_{I μν} γ^{μν} ε_A + . . . (4.24)

Here P_{ABCD} = P_{ABCD ℓ} dϕ^ℓ and P^I_{AB} = P^I_{AB r} dϕ^r are the vielbein of the scalar manifolds spanned by the scalar fields ϕ^i = (ϕ^ℓ, ϕ^r) of the gravitational and vector multiplets respectively (more precise definitions are given below), and β and γ are constants fixed by supersymmetry.

The charges Z_{AB} , Z_I of these dressed field strength have a profound meaning and play a key role in the physics of extremal black holes. In particular, recalling (4.13) the quadratic combination (black hole potential)

V_{BH} := 1 2 Z̄^{AB} Z_{AB} + Z̄^I Z_I (4.25)

(the factor 1/2 is due to our summation convention that treats the AB indices as independent) is invariant under the symmetry group G. In terms of the charge vector Q = � p^Λ q_Λ � , (4.26)

we have the formula for the potential (also called charges sum rule)

V_{BH} = 1 2 Z̄^{AB}Z_{AB} + Z̄^I Z_I = −1 2 Q^tM(N )Q (4.27)

where M(N ) = −(iV̄^{−1})^†iV̄^{−1} = −(S^{−1})^tS^{−1} (4.28)

is a negative definite matrix, here depending on ϕ_∞. The relation between M(N ) and N was given in (3.49).

We now derive some differential relations among the central and matter charges. We recall the symmetric coset space geometry G/H studied in Section 3.5, and in particular relations (3.36), (3.37) that express the Maurer-Cartan equation dΓ+Γ∧Γ = 0 in terms of the vielbein P and of the Riemannian connection ω. Using the (local) embedding of G in Sp(2n, R) we consider the pull back on G/H of the Sp(2n, R) Lie algebra left invariant one form V^{−1}dV given in (3.45), we have

V^{−1}dV = � i(f^†dh − h^†df) i(f^†dh̄ − h^†df̄) −i(f^tdh − h^tdf) −i(f^tdh̄ − h^tdf̄) � = � ω P̄ P ω̄ � , (4.29) where with slight abuse of notation we use the same letters V , P and ω for the pulled back forms (we also recall that P denotes P in the complex basis). Relation (4.29) equivalently reads

dV = V � ω P̄ P ω̄ � , (4.30)

that is equivalent to the n × n matrix equations:

∇f = f̄ P , (4.31) ∇h = h̄ P , (4.32)

where ∇f = df − fω , ∇h = dh − hω . (4.33)

Using the definition of the charges we then get the differential relations among charges:

∇Z_M = Z̄¯_N P^{N̄}_M , (4.34)

where ∇Z_M =^{∂ZM}_{∂ϕi∞} dϕ^i_∞ − Z_N ω^N_M , with ϕ^i_∞ the value of the i-th coordinate of ϕ_∞ ∈ G/H and ϕ_∞ = ϕ(r = ∞).

It is useful to rewrite (4.31), (4.32), (4.34) with AB and Ī indices. The embedded connection ω and vielbein P are decomposed as follows:

ω = (ω^N_M ) = � ω^{AB}_{CD} 0 0 ω^Ī_{J̄} � , (4.35)

P = (P^{N̄}_M ) = (P_{NM} ) = � P^{ĀB̄}_{CD} P^{ĀB̄}_{J̄} P^Ī_{CD} P^Ī_{J̄} � = � P_{ABCD} P_{AB}¯_J P_{ICD} P_I¯_J � , (4.36)

the subblocks being related to the vielbein of G/H, written in terms of the indices of H_{Aut} × H_{matter}. We used the following indices conventions:

f = (f^Λ_M ) , f^{−1} = (f^M_Λ) = (f¯_{MΛ}) etc. (4.37)

where in the last passage, since we are in U(n), we have lowered the index M with the U(n) hermitian form η = (η_M¯_N )_{M,N=1,...n} = diag(1, 1, ....1). Similar conventions hold for the AB and I indices, for example f^Λ_I = f̄^Λ_Ī = f̄^{ΛI} .

Using further the index decomposition M = (AB, Ī), relations (4.31), (4.32) read (the factor 1/2 is due to our summation convention that treats the AB indices as independent):

∇f^Λ_{AB} = 1 2 f̄^{ΛCD}P_{CDAB} + f^Λ_I P^I_{AB} , (4.38)

∇h^Λ_{AB} = 1 2 h̄^{ΛCD}P_{CDAB} + h^Λ_I P^I_{AB} , (4.39)

∇f^Λ_Ī = 1 2 f̄^{ΛCD}P_{CDĪ} + f^{ΛJ̄} P_{J̄Ī} , (4.40)

∇h^Λ_Ī = 1 2 h̄^{ΛCD}P_{CDĪ} + h^{ΛJ̄} P_{J̄Ī} . (4.41)

As we will see, depending on the coset manifold, some of the sub-blocks of (4.36) can be actually zero. For N > 4 (no matter indices) we have that P coincides with the vielbein P_{ABCD} of the relevant G/H.

Using the AB and I indices, the central charges relations (4.34) read

∇Z_{AB} = Z_I P^I_{AB} + 1 2 Z̄^{CD}P_{CDAB} , (4.42)

∇Z̄¯_I = 1 2 Z̄^{AB}P_{ABĪ} + Z^{J̄} P_{J̄Ī} . (4.43)

42. Two examples We now describe in more detail the N = 3 and the N = 8 supergravities, and refer to [40] for the N = 4, 5, 6 cases. The aim is to write down the group theoretical structure of these theories, their symplectic (local) embeddings S : G → Sp(2n, R) and N : G/H → Sp(2n, R)/U(n), the vector kinetic matrix N , the supersymmetric transformation laws, the structure of the central and matter charges, their differential relations originating from the Maurer-Cartan equations (3.36),(3.37), and the invariants V_{BH} and S .

42.1. The N = 3 theory In the N = 3 case [50] the coset space is:

G/H =

SU(3, n^′) S(U(3) × U(n^′))

(4.44)

and the field content is given by:

− Gravitational multiplet:

(V^a_μ , ψ_{Aμ}, A^{AB}_μ , χ_{(L)}) A = 1, 2, 3 (4.45)

− Vector multiplets:

(A_μ, λ_A, λ_{(R)}, 3 z)^I I = 1, . . . , n^′ (4.46)

Here A, B, ... are indices of SU(3), SU(3) × U(1), being H_{aut} the automorphism group of the N = 3–extended supersymmetry algebra. The fermions λ_A are left handed while the singlet λ_{(R)} is right handed.

The transformation properties of the fields are given in Table 2.

Table 2: Transformation properties of fields in D = 4, N = 3

V^a_μ ψ_{Aμ} A^Λ_μ χ_{(L)} λ^I_A λ^I_{(L)} L^Λ_{AB} L^Λ_Ī R_H SU(3, n^′) 1 1 3 + n^′ 1 1 1 3 + n^′ 3 + n^′ - SU(3) 1 3 1 1 3 1 ¯3 1 3 SU(n^′) 1 1 1 1 n^′ n^′ 1 n^′ n^′ U(1) 0^{n′}_2 0 3^{n′}_2 3+^{n′}_2 −3(1 +^{n′}_2 ) n^′ −3 3 + n^′

In this and in the following table, R_H is the representation under which the scalar fields of the linearized theory, or the vielbein P of G/H of the full theory transform (recall text after (3.33) and that P is P in the complex basis). Only the left–handed fermions are quoted, right handed fermions transform in the complex conjugate representation of H.

We consider the (local) embedding of SU(3, n^′) in Sp(3+n^′, R) defined by the following dependence of the matrices f and h in terms of the G/H coset representative L,

f^Λ_Σ = 1 √ 2 (L^Λ_{AB} , L̄^Λ_Ī ) (4.47)

h_{ΛΣ} = −i(ηfη)_{ΛΣ} η = � 11_{3×3} 0 0 −11_n′_{×n}′ � (4.48)

where AB are antisymmetric SU(3) indices, I is an index of SU(n^′) and L̄^Λ_Ī denotes the complex conjugate of the coset representative. We have:

N_{ΛΣ} = (hf^{−1})_{ΛΣ} = −i(ηfηf^{−1})_{ΛΣ} (4.49)

The supercovariant field strengths and the supercovariant scalar vielbein are:

F̂^Λ = dA^Λ + [ i 2 f̄^Λ_Ī λ̄^Ī_Aγ_aψ^AV^a − 1 2 f^Λ_{AB}ψ̄^Aψ^B + if^Λ_{AB}χ̄_{(R)}γ_aψ_C ϵ^{ABC} V^a + h.c.]

P̂^A_I = P^A_I − λ̄_{IB} ψ_C ϵ^{ABC} − λ̄_{I(R)}ψ^A (4.50)

where the only nonvanishing entries of the vierbein P are

P^A_I = 1 2 ϵ^{ABC} P_{IBC} = P^A_{I i} dz^i (4.51)

z^i being the (complex) coordinates of G/H. In the first expression we see the presence of the symplectic sections (f^Λ_{AB}, f̄^Λ_Ī , f̄^Λ_{AB}, f^Λ_I ). From the expressions for F̂^Λ and P̂^A_I , the supersymmetry transformation laws of the vector and scalar fields are retrieved. The dressed field strengths from which the central and matter charges are constructed appear instead in the susy transformation laws of the fermions, up to trilinear fermions terms:

δψ_A = Dϵ_A + 2iT_{AB μν} γ^aγ^{μν} V_aϵ^B + · · · (4.52) δχ_{(L)} = 1/2 T_{AB μν} γ^{μν} ϵ_C ϵ^{ABC} + · · · (4.53) δλ_{IA} = −iP^B_{I i}∂_μz^iγ^μϵ^C ϵ_{ABC} + T_{I μν} γ^{μν} ϵ_A + · · · (4.54) δλ^I_{(L)} = iP^A_{I i}∂_μz^iγ^μϵ_A + · · · (4.55) where T_{AB} and T_I have the general form given in equation (4.17). From the general form of the equations (4.31), (4.32) for f and h we find: ∇f^Λ_{AB} = f^Λ_I P^I_{AB} , (4.56) ∇h^Λ_{AB} = h^Λ_I P^I_{AB} , (4.57)

∇f^Λ_Ī = 1 2 f̄^{ΛCD}P_{CDĪ} , (4.58)

∇h^Λ_Ī = 1 2 h̄^{ΛCD}P_{CDĪ} . (4.59)

According to the general study of Section 4.1, using (4.20), (4.21) one finds ∇^{(H)}Z_{AB} = Z̄^I P^C_I ϵ_{ABC} (4.60)

∇^{(H)}Z_I = 1 2 Z̄^{AB}P^C_I ϵ_{ABC} (4.61)

and the formula for the potential, cf. (4.27),

V_{BH} = 1 2 Z^{AB}Z̄_{AB} + Z^IZ̄_I = − 1 2 Q^tM(N )Q (4.62)

where the matrix M(N ) has the same form as in equation (3.49) in terms of the kinetic matrix N of equation (4.49), and Q is the charge vector Q = (^g_e). For each of the supergravities with target space G/H there is another G invariant expression S quadratic in the charges Z_{AB} , Z_I [51]; the invariant S is independent from the scalar fields of the theory and thus depends only on the electric and magnetic charges p^Λ and q_Λ. In extremal black hole configurations πS is the entropy of the black hole. It turns out that S coincides with the potential V_{BH} computed at its critical point (attractor point) [36, 38, 51]. The invariants S are obtained by considering among the H invariant combination of the charges those that are also G invariant, i.e. those that do not depend on the scalar fields. This is equivalent to require invariance of S under the coset space covariant derivative ∇ defined in Section 3.5, see also (4.33). The G = SU(3, n^′) invariant is^1_2 Z_{AB}Z̄^{AB} − Z_IZ̄^I (one can check that ∂_i(^1_2 Z_{AB}Z̄^{AB} − Z_IZ̄^I ) = ∇^{(H)}_i (^1_2 Z_{AB}Z̄^{AB} − Z_IZ̄^I ) = 0) so that

S = | 1 2 Z_{AB}Z̄^{AB} − Z_IZ̄^I | . (4.63)

42.2. The N = 8 theory In the N = 8 case [3] the coset manifold is:

G/H =

E_{7(7)} SU(8)/Z_2

. (4.64)

The field content and group assignments are given in Table 3.

Table 3: Field content and group assignments in D = 4, N = 8 supergravity V^a ψ_A A^{ΛΣ} χ_{ABC} S^α_r R_H E_{7(7)} 1 1 - 1 56 - SU(8) 1 8 1 56 28 + ¯28 70

The embedding in Sp(56, R) is automatically realized because the 56 defining representation of E_{7(7)} is a real symplectic representation. The components of the f and h matrices and their complex conjugates are

f^{ΛΣ}_{AB} , h_{ΛΣAB} , f̄^{AB}_{ΛΣ} , h̄^{ΛΣ AB} , (4.65) here ΛΣ, AB are couples of antisymmetric indices, with Λ, Σ, A, B running from 1 to 8. The 70 under which the vielbein of G/H transform is obtained from the four times antisymmetric of SU(8) by imposing the self duality condition

t̄^{ĀB̄C̄D̄} = 1 4! ϵ^{ĀB̄C̄D̄}_A′_B′_C′_D′ t^{A′B′C′D′} (4.66)

The supercovariant field strengths and coset manifold vielbein are: F̂^{ΛΣ} = dA^{ΛΣ} + [f^{ΛΣ}_{AB} (a_1ψ̄^Aψ^B + a_2χ̄^{ABC} γ_aψ_C V^a) + h.c.] (4.67) P̂_{ABCD} = P_{ABCD} − χ̄_{[ABC} ψ_{D]} + h.c. (4.68)

where P_{ABCD} =^1_{4!} ϵ_{ABCDEF GH}P̄^{EF GH} ≡ (L^{−1}∇^{SU(8)}L)_{AB CD} = P_{ABCD i}dϕ^i (ϕ^i coordinates of G/H). The coefficients a_1, a_2 (as well as the later ones a_3 and a_4) can in principle be determined, we here are mainly interested in the structure of the supersymmetry transformations and its dependence on the embedding of E_{7(7)} into Sp(56, R). In the complex basis the vielbein P_{ABCD} of G/H are 28 × 28 matrices completely antisymmetric and self dual as in (4.66). The fermion transformation laws are given by: δψ_A = Dϵ_A + a_3T_{AB μν} γ^aγ^{μν} ϵ^B V_a + · · · (4.69) δχ_{ABC} = a_4P_{ABCD i}∂_aϕ^iγ^aϵ^D + a_5T_{[AB μν} γ^{μν} ϵ_{C]} + · · · (4.70)

where: T_{AB} = 1 2 (h_{ΛΣAB} F^{ΛΣ} − f^{ΛΣ}_{AB} G_{ΛΣ}) (4.71) with:

N_{ΛΣ ΓΔ} = 1 2 h_{ΛΣAB} (f^{−1})^{AB}_{ΓΔ} . (4.72)

With the usual manipulations we obtain the central charges:

Z_{AB} = 1 2 (h_{ΛΣAB} p^{ΛΣ} − f^{ΛΣ}_{AB} q_{ΛΣ}), (4.73)

the differential relations:

∇^{SU(8)}Z_{AB} = 1 2 Z̄^{CD}P_{ABCD} (4.74)

and the formula for the potential, cf. (4.27),

V_{BH} = 1 2 Z̄^{AB}Z_{AB} = −1 2 Q^tM(N )Q (4.75)

where the matrix M(N ) is given in equation (3.49), and N in (4.72). For N = 8 the SU(8) invariants are

I_1 = (T rA)^2 (4.76) I_2 = T r(A^2) (4.77)

I_3 = Pf Z = 1 2^44!

ϵ^{ABCDEF GH} Z_{AB}Z_{CD}Z_{EF} Z_{GH} (4.78)

where PfZ denotes the Pfaffian of the antisymmetric matrix (Z_{AB} )_{A,B=1,...8}, and where A^B_A = Z_{AC}Z̄^{CB}. One finds the following E_{7(7)} invariant [37]: S = 1 2 � |4Tr(A^2) − (T rA)^2 + 32Re (Pf Z)| (4.79)

For a recent study of E_{7(7)} duality rotations and of the corresponding conserved charges see [52].

42.3. Electric subgroups and the D = 4 and N = 8 theory A duality rotation is really a strong-weak duality if there is a rotation between electric and magnetic fields, more precisely if some of the rotated field strengths F^{′Λ} depend on the initial dual fields G^Σ, i.e. if the submatrix B ≠ 0 in the symplectic matrix

�_A C B D � . Only in this case the gauge kinetic term may transform nonlinearly, via a fractional transformation. On the other hand, under infinitesimal duality rotations

�_{11} 0 0 11 � + �_a c 0 d � , with b = 0, the lagrangian changes by a total derivative so that (in the absence of instantons) these transformations are symmetries of the action, not just of the equation of motion. Furthermore if c = 0 the lagrangian itself is invariant.

We call electric any subgroup G_e of the duality group G with the property that it (locally) embeds in the symplectic group via matrices

�_A C B D � with B = 0. The parameter space of true strong-weak duality rotations is G/G_e.

The electric subgroup of Sp(2n, R) is the subgroup of all matrices of the kind � A 0 C A^{t−1} � ; (4.80)

we denote it by Sp_e(2n, R). It is the electric subgroup because any other electric subgroup is included in Sp_e(2n, R). This subgroup is maximal in Sp(2n, R) (see for example the appendices in[53, 54]). In particular if an action is invariant under infinitesimal Sp_e(2n, R) transformations, and if the equations of motion admit also a π/2 duality rotation symmetry F^Λ → G^Λ, G^Λ → −F^Λ for one or more indices Λ (no transformation on the other indices) then the theory has Sp(2n, R) duality. It is easy to generalize the results of Section 2.2 and prove that duality symmetry under these π/2 rotations is equivalent to the following invariance property of the lagrangian under the Legendre transformation associated to F^Λ,

L_D(F, N^′) = L(F, N ) , (4.81)

where N^′ = (C + DN )(A + BN )^{−1} are the transformed scalar fields, the matrix

�_A C B D � implementing the π/2 rotation F^Λ → G^Λ, G^Λ → −F^Λ. We conclude that Sp(2n, R) duality symmetry holds if there is Sp_e(2n, R) symmetry and if the lagrangian satisfies (4.81).

When the duality group G is not Sp(2n, R) then there may exist different maximal electric subgroups of G, say G_e and G^′_e. Consider now a theory with G duality symmetry, the electric subgroup G_e hints at the existence of an action S = � L invariant under the Lie algebra Lie(G_e) and under Legendre transformation that are π/2 duality rotation in G. Similarly G^′_e leads to a different action S^′ = � L^′ that is invariant under Lie(G^′_e) and under Legendre transformations that are π/2 duality rotation in G. The equations of motion of both actions have G duality symmetry. They are equivalent if L and L^′ are related by a Legendre transformation. Since L^′(F, N^′) ≠ L(F, N ), this Legendre transformation cannot be a duality symmetry, it is a π/2 rotation F^Λ → G^Λ, G^Λ → −F^Λ that is not in G, this is possible since G ≠ Sp(2n, R). As an example consider the G_e = SL(8, R) symmetry of the N = 8, D = 4 supergravity lagrangian whose duality group is G = E_{7,(7)} this is the formulation of Cremmer-Julia. An alternative formulation, obtained from dimensional reduction of the D = 5 supergravity, exhibits an electric group G^′_e = [E_{6,(6)} × SO(1, 1)] ⋉ T_{27} where the non semisimple group G^′_e is realized as a lower triangular subgroup of E_{7,(7)} in its fundamental (symplectic) 56 dimensional representation. G_e and G^′_e are both maximal subgroups of E_{7(7)}. The corrseponding lagrangians can be related only after a proper duality rotation of electric and magnetic fields which involves a suitable Legendre transformation.

A way to construct new supergravity theories is to promote a compact rigid electric subgroup symmetry to a local symmetry, thus constructing gauged supergravity models

(see for a recent review [55], and references therein). Inequivalent choices of electric subgroups give different gauged supergravities. Consider again D = 4, N = 8 supergravity. The maximal compact subgroups of G_e = SL(8, R) and of G^′_e = [E_{6,(6)} ×SO(1, 1)]⋉T_{27} are SO(8) and Sp(8) = U(16) ∩ Sp(16, C) respectively. The gauging of SO(8) corresponds to the gauged N = 8 supergravity of De Witt and Nicolai [56]. As shown in [57] the gauging of the non semisimple group U(1) ⋉ T_{27} ⊂ G^′_e corresponds to the gauging of a flat group in the sense of Scherk and Schwarz dimensional reduction [58], and gives the massive deformation of the N = 8 supergravity as obtained by Cremmer, Scherk and Schwarz [59].

43. The flat symplectic bundle of extended supergravities The formalism we have developed so far for the D = 4, N > 2 theories is completely determined by the (local) embedding of the coset representative of the scalar manifold M = G/H in Sp(2n, R). It leads to a flat -actually a trivial- symplectic vector bundle of rank 2n that we now describe. In order to show that we have a flat (zero curvature) bundle we observe that if we are able to find 2n linearly independent row vectors V^ξ = (V^ξ_ζ )_{ζ=1,...2n} then the matrix V in (4.30) is invertible and therefore the connection (^ω_P^{P̄}_{ω̄} ) is flat. If these vectors are mutually symplectic then we have a symplectic frame, the transition functions are constant symplectic matrices, the connection is symplectic. The flat symplectic bundle explicitly is,

G ×_H R^{2n} → G/H ;

this bundle is the space of all equivalence classes [g, v] = {(gh, S(h)^{−1} v) , g ∈ G, v ∈ R^{2n}, h ∈ H}. The symplectic structure on R^{2n} immediately extends to a well defined symplectic structure on the fibers of the bundle. Using the local sections of G/H and the usual basis {e_ξ} = {e_M , e^M } of R^{2n} (e_1 is the column vector with with 1 as first and only nonvanishing entry, etc.) we obtain immediately the local sections s_ξ = [L(ϕ), e_ξ ] of G ×_H R^{2n} → G/H. Since the action of H on R^{2n} extends to the action of G on R^{2n}, we can consider the new sections e_ξ = s_ζ S^{−1}(L(ϕ))^ζ_ξ = [L(ϕ), S^{−1}(L(ϕ))e_ξ ] , that are determined by the column vectors S^{−1}(L(ϕ))_ξ = (S^{−1}(L(ϕ))^ζ_ξ)_{ζ=1,...2n}. These sections are globally defined and linearly independent. Therefore this bundle is not only flat, it is trivial. If we use the complex local frame V_ξ = {s_ζ A^ζ_ξ} rather than the {s_ξ} one (we recall that A =^{1√}_2 (^{11}_{−i11}^{11}_{i11})), then the global sections e_ξ are determined by the column vectors V^{−1}(L(ϕ))_ξ = (V^{−1}(L(ϕ))^ζ_ξ)_{ζ=1,...2n},

e_ξ = V_η V^{−1η}_ξ . (4.82)

The sections V_ξ too form a symplectic frame (a symplectonormal basis, indeed V^ρ_ξΩ_{ρσ}V^σ_ζ = Ω_{ξζ} , where Ω = (^0_{11}^{−11}_0 )), and the last n sections are the complex conjugate of the first n ones, {V_ξ} = {V_M , V̄¯_M }. Of course the column vectors V_η = (V^ξ_η)_{ξ=1,...2n}, are the coefficients of the sections V_η with respect to the flat basis {e_ξ}.

Also the rows of the V matrix define global flat sections. Let’s consider the dual bundle of the vector bundle G ×_H R^{2n} → G/H, i.e. the bundle with fiber the dual vector space. If {s_ζ } is a frame of local sections of G ×_H R^{2n} → G/H, then {s^ζ },

with ⟨s^ζ , s_ξ⟩ = δ^ζ_ξ , is the dual frame of local sections of the dual bundle. Concerning

the transition functions, if s^′_ζ = s_ηS^η_ζ then s^{′ξ} = S^{−1ξ}_λs^λ. This dual bundle is also a

trivial bundle and a trivialization is given by the global symplectic sections e^ξ = V^ξ_ηV^η, whose coefficients are the row vectors V^ξ = (V^ξ_ζ )_{ζ=1,...2n} i.e., the rows of the symplectic matrix V defined in (4.12), � V^Λ_ζ � ζ=1,...2n = � f^Λ_M , f̄^Λ_{M̄} � M=1,...n , � V_{Λζ} � ζ=1,...2n = � h_{ΛM} , h̄_Λ¯_M � M=1,...n . (4.83)

44. Special Geometry and N = 2 Supergravity

In the case of N = 2 supergravity the requirements imposed by supersymmetry on the scalar manifold M_{scalar} of the theory dictate that it should be the following direct product: M_{scalar} = M × M^Q where M is a special Kähler manifold of complex dimension n and M^Q a quaternionic manifold of real dimension 4n_H , here n and n_H are respectively the number of vector multiplets and hypermultiplets contained in the theory. The direct product structure imposed by supersymmetry precisely reflects the fact that the quaternionic and special Kähler scalars belong to different supermultiplets. We do not discuss the hypermultiplets any further and refer to [60] for the full structure of N = 2 supergravity. Since we are concerned with duality rotations we here concentrate our attention to an N = 2 supergravity where the graviton multiplet, containing besides the graviton g_{μν} also a graviphoton A^0_μ, is coupled to n^′ vector multiplets. Such a theory has a bosonic action of type (4.1) where the number of (real) gauge fields is n = 1 + n^′ and the number of (real) scalar fields is 2n^′. Compatibility of their couplings with local N = 2 supersymmetry led to the formulation of special Kähler geometry [61],[62].

The formalism we have developed so far for the D = 4, N > 2 theories is completely determined by the (local) embedding of the coset representative of the scalar manifold M = G/H in Sp(2n, R). It leads to a flat -actually a trivial- symplectic bundle with local symplectic sections V_η, determined by the symplectic matrix V , or equivalently by the matrices f and h. We want now to show that these matrices, the differential relations among charges and their quadratic invariant V_{BH} (4.27) are also central for the description of N = 2 matter-coupled supergravity. This follows essentially from the fact that, though the scalar manifold M of the N = 2 theory is not in general a coset manifold, nevertheless, as for the N > 2 theories, we have a flat symplectic bundle associated to M, with symplectic sections V_η. While the formalism is very similar there is a difference, the bundle is not a trivial bundle anymore, and it is in virtue of duality rotations that the theory can be globally defined on M.

The local symplectic sections V_η are determined (with respect to a local flat symplectic frame as in (4.82)) by the matrices

f = (f^Λ_M ) = (f^Λ_{AB}, f̄^Λ_Ī ) ,

h = (h_{ΛM} ) = (h_{ΛAB} , h̄_Λ¯_I ) , (4.84) where A, B = 1, 2 are in the fundamental of U(2), the automorphism group of the N = 2 supersymmetry algebra (and therefore the antisymmetric AB indices in (4.84) can assume just one value).

Since the gauge kinetic term N_{ΛΣ} = h_{ΛM} f^{−1M}_Σ depends on the choice of the flat symplectic frame {e_ξ} = {e_Λ, f^Λ} and this is only locally defined, in another region we have a different frame {e^′_ξ} = {e^′_Λ, f^{′Λ}} and therefore a different gauge kinetic term N^′_{ΛΣ}. In the common overlapping region the two formulations should give the same theory, this is indeed the case because the corresponding equations of motion are related by a duality rotation. As a consequence the notion of electric or magnetic charge depends on the flat frame chosen. In this sense the notion of electric and magnetic charge is not a fundamental one. The symplectic group is a gauge group (where just constant gauge transformations are allowed) and only gauge invariant quantities are physical. It is in this sense that duality rotations in N = 2 theories are not a symmetry of the theory, they are rather a gauge symmetry.

To complete the analogy between the N = 2 theory with n^′ vector multiplets and the higher N theories in D = 4, we also give the supersymmetry transformation laws, the central and matter charges, the differential relations among them and the formula for the potential V_{BH} .

In analogy with the the higher N theories in D = 4, the supercovariant electric field strength F̂^Λ is

F̂^Λ = F^Λ + f^Λψ̄^Aψ^B ϵ_{AB} − if̄^Λ_Ī λ̄^Ī_Aγ_aψ_B ϵ^{AB} V^a + h.c. (4.85)

where f^Λ = f^Λ_{AB}. The transformation laws for the chiral gravitino ψ_A and gaugino λ^{IA} fields are:

δψ_{Aμ} = ∇_μ ϵ_A + ϵ_{AB} T_{μν} γ^ν ϵ^B + · · · , (4.86)

δλ^{IA} = iP^I_i∂_μz^iγ^μϵ^A + i 2 T̄^I_{μν} γ^{μν} ϵ^{AB} ϵ_B + · · · , (4.87)

where:

T = h_ΛF^Λ − f^ΛG_Λ , (4.88)

T̄_Ī = h̄_{ΛĪ} F^Λ − f̄^Λ_Ī G_Λ , (4.89)

are respectively the graviphoton and the matter vectors, and P^I_i is the vielbein associated to the holomorphic coordinates z^i of M. In (4.85)-(4.87) the position of the SU(2) automorphism index A (A, B = 1, 2) is related to chirality, namely (ψ_A, λ^{IA}) are chiral, (ψ^A, λ̄^Ī_A) antichiral.

In order to define the symplectic invariant charges let us recall the definition of the magnetic and electric charges (the moduli independent charges) in (4.10). The central charges and the matter charges are then defined as the integrals over a sphere at spatial infinity of the dressed graviphoton and matter vectors (4.17), they are given in (4.20), (4.21):

(Z_M ) = � Z_{AB}, Z̄¯_I � = iV (ϕ_∞)^{−1}Q (4.90) where ϕ_∞ is the value of the scalar fields at spatial infinity. The special Kähler geometry of the manifold describing the scalars of N = 2 supegravity implies

∇Z_{AB} = Z_I P^I ϵ_{AB} . (4.91)

where P^I is the vielbein 1-form on M.

The positive definite quadratic invariant V_{BH} in terms of the charges Z and Z_I reads

V_{BH} = 1 2 ZZ̄ + Z_IZ̄^I = − 1 2 Q^tM(N )Q . (4.92)

Equation (4.92) is obtained by using exactly the same procedure as in (4.27). Invariance of V_{BH} implies that it is a well defined positive function on M.

For an arbitrary special Kähler manifolds it is in general hard to compute the invariant combination S of the charges Z, Z_I . The general formula for special Kähler manifolds that are symmetric coset spaces is given in [39].

Acknowledgments P.A. thanks the organizers of the Summer School and Conference on Modern Mathematical Physics, 6-17 July 2008, Belgrade, Serbia, for the warm and fruitful atmosphere of the meeting.

The work of P.A. was supported in part by the Italian MIUR under contract PRIN- 2007 Algebre di Operatori e Applicazioni. The work of S. F. has been supported in part by INFN - Frascati National Laboratories, and by D.O.E. grant DE-FG03-91ER40662, Task C. The work of B.Z. was supported in part by the Director, Oce of Science, Oce of High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under Contract No. DE-AC02-05CH11231, and in part by NSF grant 10996-13607-44 PHHXM.

References

[1] S. Ferrara, J. Scherk, B. Zumino, Algebraic Properties of Extended Supergravity Theories, Nucl.

Phys. B121 (1977) 393

[2] E. Cremmer, J. Scherk and S. Ferrara, SU(4) Invariant Supergravity Theory, Phys. Lett. B 74, 61 (1978).

[3] E. Cremmer, B. Julia, The SO(8) Supergravity, Nucl. Phys. B159 (1979) 141, E. Cremmer and B. Julia, The N=8 Supergravity Theory. 1. The Lagrangian, Phys. Lett. B 80 (1978) 48.

[4] M. K. Gaillard, B. Zumino, Duality Rotations for Interacting Fields, Nucl. Phys. B193 (1981) 221 [5] B. Zumino, Quantum Structure of Space and Time, Eds. M. J. Duff and C. J. Isham (Cambridge University Press) (1982) 363

[6] L. Castellani, R. D’Auria and P. Fré, Supergravity and Superstrings: a Geometric Perspective World Scientific 1991

[7] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, Duality transformations in supersymmetric Yang-Mills theories coupled to supergravity, Nucl. Phys. B 444 (1995) 92 [arXiv:hepth/9502072].

[8] L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fré and M. Trigiante, R-R Scalars, U–Duality and Solvable Lie Algebras, hep-th/9611014, Nucl.Phys.B496:617-629,1997

[9] L. Andrianopoli, R. D’Auria and S. Ferrara, U-duality and central charges in various dimensions revisited, Int. J. Mod. Phys. A 13 (1998) 431 [arXiv:hep-th/9612105].

[10] G. W. Gibbons, D. A. Rasheed Electric-Magnetic Duality Rotations in Non-Linear Electrodynamics, Nucl. Phys. B454 (1995) 185; hep-th/9506035

[11] G. W. Gibbons, D. A. Rasheed, SL(2, R) Invariance of Nonlinear Electrodynamics Coupled to an Axion and Dilaton, Phys. Lett. B365 (1996) 46; hep-th/9509141

[12] M. K. Gaillard, B. Zumino, Self-Duality in Nonlinear Electromagnetism, Supersymmetry and Quantum Field Theory, Kharkov 1997, J. Wess and V. P. Akulov, eds., Springer-Verlag 1998; hep-th/9705226

[13] M. K. Gaillard, B. Zumino, Nonlinear Electromagnetic Self-Duality and Legendre Transformations, Duality and Supersymmetric Theories, D. I. Olive and P. C. West, eds., Cambridge University Press 1999; hep-th/9712103

[14] M. Araki, Y. Tanii, Duality Symmetries in Nonlinear Gauge Theories, Int. J. Mod. Phys. A14 (1999) 1139; hep-th/9808029

[15] D. Brace, B. Morariu, B. Zumino, Duality Invariant Born-Infeld Theory, Yuri Golfand memorial volume; hep-th/9905218

[16] P. Aschieri, D. Brace, B. Morariu and B. Zumino, Nonlinear self-duality in even dimensions, Nucl. Phys. B 574, 551 (2000) [arXiv:hep-th/9909021].

[17] P. Aschieri, D. Brace, B. Morariu and B. Zumino, Proof of a symmetrized trace conjecture for the Abelian Born-Infeld Lagrangian, Nucl. Phys. B 588, 521 (2000) [arXiv:hep-th/0003228].

[18] E. A. Ivanov and B. M. Zupnik, New representation for Lagrangians of self-dual nonlinear electrodynamics, Talk given at International Workshop on Supersymemtry and Quantum Symmetry (SQS ’01): 16th Max Born Symposium, Karpacz, Poland, 21-25 Sep 2001. Published in Karpacz 2001, Supersymmetries and quantum symmetries, 235-250, arXiv:hep-th/0202203. E. A. Ivanov and B. M. Zupnik, New approach to nonlinear electrodynamics: Dualities as symmetries of interaction, Phys. Atom. Nucl. 67 (2004) 2188 [Yad. Fiz. 67 (2004) 2212] [arXiv:hepth/0303192].

[19] I. Antoniadis, H. Partouche, T. R. Taylor, Spontaneous Breaking of N=2 Global Supersymmetry, Phys. Lett. B372 (1996); 83 hep-th/9512006

[20] M. Rocek, A. A. Tseytlin, Partial breaking of global D=4 supersymmetry, constrained superfields, and 3-brane actions, Phys. Rev. D59 (1999) 106001; hep-th/9811232

[21] S. M. Kuzenko and S. Theisen, Supersymmetric duality rotations, JHEP 0003 (2000) 034 [arXiv:hep-th/0001068].

[22] S. M. Kuzenko and S. Theisen, Nonlinear self-duality and supersymmetry, Fortsch. Phys. 49 (2001) 273 [arXiv:hep-th/0007231].

[23] S. M. Kuzenko and S. A. McCarthy, Nonlinear self-duality and supergravity, JHEP 0302 (2003) 038 [arXiv:hep-th/0212039]. S. M. Kuzenko and S. A. McCarthy, On the component structure of N = 1 supersymmetric nonlinear electrodynamics, JHEP 0505 (2005) 012 [arXiv:hepth/0501172].

[24] Y. Tanii, N=8 Supergravity in Six-Dimensions, Phys. Lett. 145B (1984) 197

[25] S. Cecotti, S. Ferrara, L. Girardello, Hidden Noncompact Symmetries in String Theory, Nucl.

Phys. B308 (1988) 436

[26] B. L. Julia, Dualities in the classical supergravity limits, in Strings Branes and Dualities, Cargese (1997), 121 hep-th/9805083

[27] C. M. Hull and P. K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438, 109 (1995) [arXiv:hep-th/9410167].

[28] P. Fre, Lectures on Special Kahler Geometry and Electric–Magnetic Duality Rotations, Nucl.

Phys. Proc. Suppl. 45BC (1996) 59 [arXiv:hep-th/9512043].

[29] E. Cremmer, B. L. Julia, H. Lü, C. N. Pope, Dualisation of Dualities, I & II, Nucl.Phys. B523 (1998) 73, B535 (1998) 242; hep-th/9710119, hep-th/9806106

[30] S. Ferrara, R. Kallosh and A. Strominger, N=2 extremal black holes, Phys. Rev. D 52 (1995) 5412 [arXiv:hep-th/9508072].

[31] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D 54 (1996) 1514 [arXiv:hep-th/9602136].

S. Ferrara and R. Kallosh, Universality of Supersymmetric Attractors, Phys. Rev. D 54 (1996) 1525 [arXiv:hep-th/9603090].

[32] A. Strominger, Macroscopic Entropy of N = 2 Extremal Black Holes, Phys. Lett. B 383 (1996) 39 [arXiv:hep-th/9602111].

[33] S. Bellucci, S. Ferrara, R. Kallosh and A. Marrani, Extremal Black Hole and Flux Vacua Attractors, arXiv:0711.4547 [hep-th].

[34] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, Extremal black holes in supergravity, Lect. Notes Phys. 737, 661 (2008) [arXiv:hep-th/0611345].

[35] S. Ferrara, K. Hayakawa and A. Marrani, Erice Lectures on Black Holes and Attractors, arXiv:0805.2498 [hep-th].

[36] S. Ferrara, G. W. Gibbons and R. Kallosh, Black holes and critical points in moduli space, Nucl.

Phys. B 500 (1997) 75 [arXiv:hep-th/9702103].

[37] R. Kallosh and B. Kol, E(7) Symmetric Area of the Black Hole Horizon, Phys. Rev. D 53 (1996) 5344 [arXiv:hep-th/9602014].

[38] S. Ferrara and J. M. Maldacena, Branes, central charges and U-duality invariant BPS conditions, Class. Quant. Grav. 15 (1998) 749 [arXiv:hep-th/9706097].

S. Ferrara and M. Gunaydin, Orbits of exceptional groups, duality and BPS states in string theory, Int. J. Mod. Phys. A 13 (1998) 2075 [arXiv:hep-th/9708025].

[39] B. L. Cerchiai, S. Ferrara, A. Marrani and B. Zumino, Duality, Entropy and ADM Mass in Supergravity, arXiv:0902.3973 [hep-th].

[40] P. Aschieri, S. Ferrara and B. Zumino, “Duality Rotations in Nonlinear Electrodynamics and in Extended Supergravity,” Riv. Nuovo Cim. 31 (2009) 625 [Riv. Nuovo Cim. 031 (2008) 625] [arXiv:0807.4039 [hep-th]].

[41] M. Born, L. Infeld, Foundations of the New Field Theory, Proc. Roy. Soc. (London) A144 (1934) 425 [42] A. S. Schwarz, Noncommutative Algebraic Equations and Noncommutative Eigenvalue Problem, Lett. Math. Phys. 52 (2000) 177 [arXiv:hep-th/0004088].

[43] B. L. Cerchiai and B. Zumino, Properties of perturbative solutions of unilateral matrix equations, Lett. Math. Phys. 54, 33 (2000) [arXiv:hep-th/0009013].

B. L. Cerchiai and B. Zumino, Some remarks on unilateral matrix equations, Mod. Phys. Lett. A 16, 191 (2001) [arXiv:hep-th/0105065].

[44] B. Zumino, Supersymmetry and Kähler Manifolds, Phys. Lett. 87B (1979) 203

[45] S. Deser, R. Puzalowski, Supersymmetric Nonpolynomial Vector Multiplets and Causal Propagation, J. Phys. A13 (1980) 2501

[46] S. Cecotti, S. Ferrara, Supersymmetric Born-Infeld Lagrangians, Phys. Lett. 187B (1987) 335

[47] J, Bagger, A, Galperin, A New Goldstone Multiplet for a Partially Broken Supersymmetry, Phys. Rev. D55 (1997) 1091; hep-th/9608177

[48] P. Binetruy and M.K. Gaillard, S-Duality Constraints on Effective Potentials for Gaugino Condensation, Phys. Lett. B365 (1996) 87; hep-th/9506207

[49] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, Black-hole attractors in N = 1 supergravity, JHEP 0707 (2007) 019 [arXiv:hep-th/0703178].

[50] L. Castellani, A. Ceresole, S. Ferrara, R. D’Auria, P. Fre and E. Maina, The Complete N=3 Matter Coupled Supergravity, Nucl. Phys. B 268 (1986) 317.

[51] L. Andrianopoli, R. D’Auria and S. Ferrara, U-invariants, black-hole entropy and fixed scalars, Phys. Lett. B 403 (1997) 12 [arXiv:hep-th/9703156].

[52] R. Kallosh and M. Soroush, Explicit Action of E7(7) on N=8 Supergravity Fields, Nucl. Phys.

B 801 (2008) 25 [arXiv:0802.4106 [hep-th]].

[53] M. A. Lledo, O. Macia, A. Van Proeyen and V. S. Varadarajan, Special geometry for arbitrary signatures, Contribution to the handbook on pseudo-Riemannian geometry and super- symmetry, ed. V. Cortés, Eur. Math. Society series IRMA Lectures in Mathematics and Theoretical Physics. arXiv:hep-th/0612210,

[54] B. Craps, F. Roose, W. Troost and A. Van Proeyen, What is special Kaehler geometry?, Nucl.

Phys. B 503, 565 (1997) [arXiv:hep-th/9703082].

[55] M. Trigiante, Dual Gauged Supergravities, arXiv:hep-th/0701218.

[56] B. de Wit and H. Nicolai, N=8 Supergravity, Nucl. Phys. B 208 (1982) 323.

[57] L. Andrianopoli, R. D’Auria, S. Ferrara and M. A. Lledo, Gauging of flat groups in four dimensional supergravity, JHEP 0207 (2002) 010 [arXiv:hep-th/0203206].

[58] J. Scherk and J. H. Schwarz, How To Get Masses From Extra Dimensions, Nucl. Phys. B 153, 61 (1979).

[59] E. Cremmer, J. Scherk and J. H. Schwarz, Spontaneously Broken N=8 Supergravity, Phys. Lett.

B 84 (1979) 83.

[60] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré and T. Magri, N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111 [arXiv:hep-th/9605032]. L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara and P. Fré, General Matter Coupled N=2 Supergravity, Nucl. Phys. B 476 (1996) 397 [arXiv:hep-th/9603004].

[61] S. Ferrara and A. Strominger, N = 2 space-time supersymmetry and Calabi Yau Moduli Space, in Proceedings of College Station Workshop “Strings ‘89”, pag. 245, eds. Arnowitt et al., World scientific 1989. P. Candelas and X. de la Ossa, Moduli Space of Calabi Yau Manifolds, Nucl. Phys. B 355, 455 (1991). B. de Wit and A. Van Proeyen, Potentials And Symmetries Of General Gauged N=2 Supergravity - Yang-Mills Models, Nucl. Phys. B 245, 89 (1984). E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, Vector Multiplets Coupled To N=2 Supergravity: Superhiggs Effect, Flat Potentials And Geometric Structure, Nucl. Phys. B 250, 385 (1985). B. de Wit, P. G. Lauwers and A. Van Proeyen, Lagrangians Of N=2 Supergravity - Matter Systems, Nucl. Phys. B 255, 569 (1985). S. Ferrara, C. Kounnas, D. Lust and F. Zwirner, Duality invariant partition functions and automorphic superpotentials for (2,2) string compactifications, Nucl. Phys. B 365, 431 (1991). L. Castellani, R. D’Auria and S. Ferrara, Special geometry without special coordinates, Class. Quant. Grav. 7, 1767 (1990). L. Castellani, R. D’Auria and S. Ferrara, Special Kahler Geometry; an intrinsic Formulation from N = 2 Space-Time Supersymmetry, Phys. Lett. B 241, 57 (1990).

[62] A. Strominger, Special Geometry, Commun. Math. Phys. 133 (1990) 163.